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ABSTRACT
Reconstructing evolutionary trees, also known as phylogenies, from molecular sequence
data is a fundamental problem in computational biology. Classically, evolutionary trees
have been estimated over a set of species, where leaves correspond to extant species and
internal nodes correspond to ancestral species. This type of phylogeny is colloquially thought
of as the “Tree of Life” and assembling it has been designated as a Grand Challenge by
the National Science Foundation Advisory Committee for Cyberinfrastructure. However,
processes other than speciation are also shaped by evolution. One notable example is in
the development of a malignant tumor; tumor cells rapidly grow and divide, acquiring new
mutations with each subsequent generation. Tumor cells then compete for resources, often
resulting in selection for more aggressive cell types. Recent advancements in sequencing
technology rapidly increased the amount of sequencing data taken from tumor biopsies. This
development has allowed researchers to attempt reconstructing evolutionary histories for
individual patient tumors, improving our understanding of cancer and laying the groundwork
for precision therapy.
Despite algorithmic improvements in the estimation of both species and tumor phylo-
genies from molecular sequence data, current approaches still suffer a number of limita-
tions. Incomplete sampling and estimation error can lead to missing leaves and low-support
branches in the estimated phylogenies. Moreover, commonly posed optimization problems
are often under-determined given the limited amounts and low quality of input data, leading
to large solution spaces of equally plausible phylogenies. In this dissertation, we explore cur-
rent limitations in both species and tumor phylogeny estimation, connecting similarities and
highlighting key differences. We then put forward four new methods that improve phylogeny
estimation methods by incorporating auxiliary information: OCTAL, TRACTION, PhySigs,
and RECAP. For each method, we present theoretical results (e.g., optimization problem
complexity, algorithmic correctness, running time analysis) as well as empirical results on
simulated and real datasets. Collectively, these methods show we can significantly improve
the accuracy of leading phylogeny estimation methods by leveraging additional signal in
distinct, but related datasets.
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CHAPTER 1: INTRODUCTION
The theory of evolution, which states that changes in heritable characteristics of organ-
isms are shaped by random mutation and natural selection over the course of generations,
is on the surface a simple and elegant idea. Yet, this idea has grown to have far-reaching
implications underpinning much of biology. Here, we discuss computational methods aimed
at reconstructing evolutionary history in two different contexts: species and tumor evolution.
The initial conception of evolutionary theory was famously an attempt to explain the
great variety of life on Earth. Contemporary understandings of evolution have, of course,
moved beyond Darwinian theory to incorporate modern genetics. We now know that her-
itable characteristics are passed down through genes, where the complete set of genes for
an organism is collectively known as a genome. Genomes are encoded in special molecules,
called DNA, which are chains comprised of four varieties of nucleotides (Adenine, Cytosine,
Guanine, and Thymine). Modern genetic sequencing technology allows us to reconstruct
the genomes of different organisms, which we denote as a string of characters over an al-
phabet of four letters (A, C, G, and T, respectively). We now can reconstruct evolutionary
relationships between species not with macro-level traits, but with this micro-level genetic
material under specialized models of sequence evolution. We typically represent the result-
ing evolutionary relationships between species with graphical models, known formally as
species phylogenies and popularly as evolutionary trees. There are two fundamental sub-
types of phylogenies in this context: species trees, which describe the evolutionary history
for populations of organisms and are estimated from multi-locus datasets, and gene trees,
which describe the evolutionary history of a gene and are estimated from just a single lo-
cus. Large-scale sequencing projects generating the necessary inputs for species phylogenies
are currently underway, including the 5000 Insect Genomes Project [1, 2], the 10000 Plant
Genomes Project [3], and the Earth BioGenome Project [4], taking us one step closer to the
ultimate vision of integrating life on Earth into a unified Tree of Life.
More recently, the principles of evolutionary theory have also been applied to tumorigene-
sis, the progression of tumors [5]. A malignant tumor is characterized by a fast proliferation
of cells that accumulate new somatic mutations with each subsequent generation. Intra-
tumor heterogeneity is in fact the primary cause of relapse and resistance to treatment,
a major contributing factor for why cancer remains a leading cause of premature death
globally [6, 7, 8]. We use tumor phylogenies to study this heterogeneity by reconstruct-
ing evolutionary relationships between tumor clones, groups of cells with nearly identical
sets of mutations. Large-scale sequencing projects to facilitate our understanding of tumor
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composition are likewise underway. For instance, The Cancer Genome Atlas (TCGA) has
already sequenced over 20,000 tumors spanning 33 cancer types and anticipates generating
2.5 petabytes of genomic data [9]. It is the hope that sufficient tumor sequencing coupled
with tailored algorithms will help uncover evolutionary mechanisms driving tumorigenesis,
enabling clinically-relevant tumor subtyping and ultimately improving patient care.
Much progress has already been made on developing computational methods for esti-
mating phylogenies in both contexts. As with anything in science, there are still a number
of limitations. While many of these limitations are shared, some stem from context specific
details that do not translate between species and tumor phylogenies. For example, biological
processes such as gene duplication and loss (GDL), incomplete lineage sorting (ILS), and
horizontal gene transfer (HGT) create heterogeneous gene and species tree topologies, com-
plicating the inference process [10]. We discuss each context below separately to carefully
handle these important distinctions.
This dissertation is therefore conceptually divided into two parts. The first part (Chap-
ters 3-4) begins with the formulation of optimization problems and algorithms in the context
of species phylogeny estimation. The second part (Chapters 5-6) then uses a similar frame-
work and toolkit to pose and solve problems in the context of tumor evolution. In both cases,
we address the limitations of current methods by leveraging auxiliary information, such as
sequencing data from other genes or other patients, to correct low-quality phylogenies out-
put by existing methods or prioritize phylogenies when there are multiple optimal solutions.
Along the way, many of our methods give additional insight into the broader mechanics of
evolution beyond improving individual phylogenies.
Chapter 3 starts by addressing the challenge of correcting estimated gene trees that are
missing species. To do so, we rely on a reference tree, typically estimated from regions
of the genome outside of the missing gene. We formalize our objective by introducing
the Optimal Tree Completion (OTC) problem, a general optimization problem that involves
adding missing leaves to an unrooted binary tree so as to minimize its distance to a reference
tree on a superset of the leaves. In particular, given a pair (T, t) of unrooted binary trees on
leaf sets (S, R ⊆ S), we wish to add all leaves from S \R to t in such a way that minimizes
the distance to T . We show that when the distance is defined by one of the most common
measures in phylogenetics, the Robinson-Foulds (RF) distance [11], an optimal solution can
be found in polynomial time. We do this constructively by presenting OCTAL, an algorithm
that solves the RF-OTC problem exactly in O(|S|2) time. We then report on a simulation
study where we complete estimated gene trees using a reference tree estimated from a multi-
locus dataset. OCTAL produces completed gene trees that are closer to the true gene trees
than the only previously existing heuristic, but the accuracy of the completed gene trees
2
computed by OCTAL depends on how topologically similar the estimated species tree is
to the true gene tree. Hence, under conditions with relatively low gene tree heterogeneity,
OCTAL can be used to provide highly accurate completions.
Chapter 4 expands on the framework of OCTAL in order to also correct weakly supported
branches in estimated gene trees using a reference tree. While previous work only focused
on performing gene tree branch correction in the context of GDL, here we address gene
tree correction where heterogeneity is instead due to ILS (a common problem in eukaryotic
phylogenetics) and HGT (a common problem in bacterial phylogenetics). We introduce
TRACTION, a simple polynomial time method that provably finds an optimal solution to
the Robinson-Foulds Optimal Tree Refinement and Completion (RF-OTRC) problem. This
problem we formulate seeks a refinement and completion of an input tree t with respect to a
given binary reference tree T so as to minimize the RF distance. In practice, t is typically an
estimated gene tree whose low-support edges have been collapsed. We present the results of
an extensive simulation study evaluating TRACTION within gene tree correction pipelines
on 68,000 estimated gene trees, using reference trees estimated from multi-locus data. We
explore accuracy under conditions with varying levels of gene tree heterogeneity due to ILS
and HGT. We show that TRACTION matches or improves the accuracy of well-established
methods from the GDL literature under conditions with HGT and ILS, and ties for best
under the ILS-only conditions. Furthermore, TRACTION ties for fastest on these datasets.
Chapter 5 then pivots into the context of tumor phylogeny estimation. Here we propose
an approach that prioritizes alternative phylogenies inferred from the same sequencing data
using mutational signatures. It was previously shown that distinct mutational processes
shape the genomes of the clones comprising a tumor. These processes result in distinct mu-
tational patterns, summarized by a small number of mutational signatures [12, 13]. Current
analyses of exposures to mutational signatures do not fully incorporate a tumor’s evolution-
ary context; conversely, current tumor phylogeny estimation methods do not incorporate
mutational signature exposures. Here, we introduce the Tree-constrained Exposure (TE)
problem to infer a small number of exposure shifts along the edges of a given tumor phy-
logeny. Our algorithm, PhySigs, solves this problem and includes model selection to identify
the number of exposure shifts that best explain the data. We validate our approach on
simulated data and identify exposure shifts in lung cancer data, including at least one shift
with a matching subclonal driver mutation in the mismatch repair pathway. When applying
PhySigs to the solution space T of plausible trees for a single patient, we can then prioritize
the trees that have the fewest number of exposure shifts and are therefore more parsimonious
with respect to signature exposure. We include an R package along with a tool to allow users
to visualize exposure shifts for various trees in a patient solution space.
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Chapter 4 likewise introduces a method for prioritizing the solution space for estimated
tumor phylogenies for a single patient tumor. Rather than using mutational signatures, here
we utilize sequencing data sourced from cohorts of patient tumors. The idea is to leverage the
fact that tumors in different patients are the consequence of similar evolutionary processes.
We wish to resolve ambiguities in our input data and detect subtypes of evolutionary patterns
by simultaneously (i) identifying a single tumor phylogeny among the solution space of
trees for each patient, (ii) assigning patients to clusters and (iii) inferring a consensus tree
summarizing the identified expanded trees for each cluster of patients. We formalize this as
the Multiple Choice Consensus Tree (MCCT) problem. We show that this problem is NP-
hard via a reduction to 3-SAT and propose a gradient descent heuristic to use in practice.
This framework addresses the limitations of previous work in that our problem statement
allows for different patient subtypes and our algorithm scales to larger sets of mutations.
On simulated data, we show that we are able to better recover the true patient trees and
patient clusters relative to existing approaches that do not account for patient subtypes.
We then use RECAP to resolve ambiguities in patient trees and find repeated evolutionary
trajectories in lung and breast cancer cohorts.
In summary, this dissertation is structured as follows; after introducing key background
material in Chapter 2, each chapter introduces a new method for improving phylogeny
estimation. Chapter 3 introduces OCTAL, a method for adding missing species into gene
trees using a reference tree. Chapter 4 introduces TRACTION, which builds on OCTAL
by using a reference tree to also correct low-support branches in gene trees. The next two
chapters then shift to improving tumor phylogeny estimation. Chapter 5 presents PhySigs, a
method for improving tumor phylogeny estimation with mutational signatures and Chapter 6
presents RECAP, a method for improving tumor phylogeny estimation using cohorts of
patient tumors. Chapter 7 concludes with a discussion of future directions.
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CHAPTER 2: BACKGROUND
This chapter contains background material referenced throughout this dissertation. Note
that key acronyms and terminology are defined once in this section rather than in each
subsequent chapter. Sections 2.1–2.2 introduce species phylogenies and tumor phylogenies,
respectively. Each section begins with a discussion of the graph-theoretic objects before moving
on to current phylogeny estimation models and methods.
2.1 SPECIES PHYLOGENY CONSTRUCTION
Species phylogenies are graphical objects used to represent the evolutionary relationship
between species as they have evolved through time. Species phylogenies implicitly assume
that the represented species arise from a common ancestor and that genetic material is passed
down from parents to children along the branches of the tree. Because this process happened
in the past, phylogenies cannot be directly observed, but instead must be estimated. With
the advent of high throughput sequencing technology, modern phylogeny estimation methods
leverage molecular sequence data sampled across species along with models of evolution to
reconstruct this history. In this section, we first introduce species phylogenies as a graphical
objects so as to define basic terminology. Next, we describe models of evolution under
which phylogenies are estimated and clarify the relationship between two subtypes of species
phylogenies: gene trees, estimated over a single locus, and species trees, estimated over the
whole genome.1 Finally, we discuss current methods for species phylogeny estimation along
with corresponding limitations.
2.1.1 Species phylogenies as graph theoretic objects
A species phylogeny can be represented as a tree T with leaves labeled by a set S of
organisms. If each leaf label is unique, then the species phylogeny is singly-labeled. Un-
less noted otherwise, species phylogenies throughout this dissertation are singly-labeled and
unrooted.
Rooted phylogenies. Rooted trees offer an intuitive way to visualize evolution. Indeed,
since time is directed, directed edges can be interpreted as capturing the passage of time.
However, estimates of species phylogenies are frequently unrooted because roots can be hard
1Note that we used the phrase “species phylogeny” to refer to both gene and species tree estimation (where
the leaves correspond to species) as a way to distinguish these trees from tumor phylogeny estimation.
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a b
Figure 2.1: Illustrative examples of the two types of phylogenies in this disserta-
tion. (a) Example of a rooted species phylogeny where the leaves represent extant species.
(b) Example of a tumor phylogeny where the leaves represent extant clones (i.e., cells sharing
a common set of mutations). The colored circles denote the introduction of a new mutation,
distinguishing a clone from its parent.
to place (see [14] for a discussion). We introduce rooted trees here as a way to motivate the
unrooted species phylogenies we work with for the remainder of this dissertation.
A rooted phylogeny can be represented as a rooted tree T with root vertex r. If we direct
the edges of this tree away from the root, then each vertex, with the exception of r, will
have an indegree of one. When observing a directed edge from u to w between two vertices
u,w in this tree, we call u the parent of w. Likewise, w is the child of u. We denote such an
edge with either u→ w or (u,w). More broadly, a vertex u is an ancestor of vertex w (and
conversely w is a descendant of u) if there exists a directed path from u to w. If a vertex
does not have any children, then it is considered to be a leaf. Otherwise, the vertex is an
internal node. In practice, leaves correspond to extant species and internal nodes correspond
to ancestral species. Vertices with exactly two children are binary, and vertices with more
than two children are polytomies. A tree where each vertex is binary is called a binary tree.
Given a subset of leaves R ⊆ S in tree T , a vertex is a common ancestor of R if it is an
ancestor of every leaf in R. The common ancestor farthest from the root is known as the
most recent common ancestor (MRCA) or lowest common ancestor (LCA) of R. A clade of
T is simply a subtree of T ; clades correspond to a subset of species defined by a common
ancestor and all descendants of that ancestor.
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Unrooted phylogenies. A rooted species phylogeny can be converted into an unrooted
phylogeny by suppressing the orientation of the edges in the graph and removing any vertex
with degree two, connecting its neighbors by a single undirected edge. Each edge e in
an unrooted species phylogeny then defines a bipartition πe (also sometimes referred to as
a split) on the set of leaf labels induced by the deletion of e from the tree, but not its
endpoints. Each bipartition splits the leaf set into two non-empty disjoint parts, A and
B, and is denoted by A|B. The set of bipartitions of a tree T is given by C(T ) = {πe :
e ∈ E(T )}, where E(T ) is the edge set for T . The leaves of an unrooted tree are vertices
with degree one, and the remaining vertices are still considered internal nodes. Notice that
without directed edges, concepts like parent, child, and clade are no longer well-defined.
Comparing unrooted phylogenies. When working with species phylogenies, it is im-
portant to have frameworks for comparing different trees. Here, we describe common re-
lationships between trees as well as define standard distances used to measure topological
similarity. These distances may be deployed in the optimization problems used to construct
trees or in evaluating the accuracy of estimated trees when ground truth is known.
We start by noting that trees are often restricted to the same set of leaves before making
a comparison. More formally, given a species phylogeny T on taxon set S, T restricted to
R ⊆ S is the minimal subgraph of T connecting elements of R and suppressing nodes of
degree two. We denote this as T |R. If T and T ′ are two trees with R as the intersection
of their leaf sets, their shared edges are edges whose bipartitions restricted to R are in the
set C(T |R) ∩ C(T ′|R). Correspondingly, their unique edges are edges whose bipartitions
restricted to R are not in the set C(T |R) ∩ C(T ′|R).
We say that a tree T ′ is a refinement of T if T can be obtained from T ′ by contracting a
set of edges in E(T ′). A tree T is fully resolved (i.e., binary) if there is no tree that refines
T other than itself. A set Y of bipartitions on some leaf set S is compatible if there exists
an unrooted tree T leaf-labeled by S such that Y ⊆ C(T ). A bipartition π of a set S is
said to be compatible with a tree T with leaf set S if and only if there is a tree T ′ such
that C(T ′) = C(T ) ∪ {π} (i.e., T ′ is a refinement of T that includes the bipartition π).
Similarly, two trees on the same leaf set are said to be compatible if they share a common
refinement. An important result on compatibility is that pairwise compatibility of a set of
bipartitions over a leaf set ensures setwise compatibility [15, 16]; it then follows that two
trees are compatible if and only if the union of their sets of bipartitions is compatible.
The Robinson-Foulds (RF) distance [11] between two trees T and T ′ on the same leaf set is
defined as the minimum number of edge-contractions and refinements required to transform
T into T ′. For singly-labeled trees, the RF distance equals the number of bipartitions present
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in only one tree (i.e., the symmetric difference). We define this formally, as it is frequently
used in subsequent chapters.
Definition 2.1. Given singly-labeled trees T and T ′ both on leaf set S, the Robinson-Foulds
distance is defined as
RF (T, T ′) := |C(T ) \ C(T ′)|+ |C(T ′) \ C(T )| (2.1)
where C(T ) and C(T ′) are the sets of bipartitions in T and T ′, respectively.
The normalized RF distance is the RF distance divided by 2n−6, where n is the number
of leaves in each tree; this produces a value between 0 and 1 since the two trees can only
disagree with respect to internal edges, and n− 3 is the maximum number of internal edges
in an unrooted tree with n leaves.
The matching distance [17] is another distance measure that relaxes the RF distance by
giving bipartitions forming a similar partition over the species set partial credit. Formally,
given two trees T and T ′ on the same set of leaves, we define a complete weighted bipartite
graph G = (C(T ), C(T ′), E) such that one set of vertices corresponds to bipartitions in T ,
and the other set corresponds to bipartitions in T ′. The weight of an edge in G between
endpoints π ∈ C(T ) and π′ ∈ C(T ′) is the minimum hamming distance between any binary
vector encoding of each bipartition (i.e., consider an encoding and its complement). The
matching distance between T and T ′ is then defined as the minimum weight perfect matching
on G. Note that if the edge weights were instead binary, with 0 for equal endpoints and 1
otherwise, then the minimum weight perfect matching would equal the RF distance.
A common measure that does not directly rely on bipartitions is the quartet distance
[18]. A quartet is defined as the unrooted tree induced when restricting a tree to a subset
of four distinct leaves. The quartet distance between two trees T and T ′ on the same set of
leaves is then the number of four taxon subsets for which the quartet differs between trees.
The motivation for using quartets is that they represent the smallest set of species for which
there is more than one possible unrooted tree topology (in fact, there are three).
2.1.2 Gene and species trees
The precise interpretation of a species phylogeny can vary depending on the biological
context. In particular, there are two common subtypes of species phylogenies: gene trees
and species trees. Here we introduce these subtypes and discuss the underlying models of
evolution that give rise to this distinction.
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Gene trees. In the context of this literature, a gene is simply defined as a contiguous
subsequence of the genome (not necessarily coding for a protein). The evolutionary history of
a gene is then represented with a gene tree and estimated from genetic sequences descended
from some common ancestral gene. This ancestral gene was passed down through many
generations, ultimately arriving in the genomes of the individuals labeling the gene tree
leaves. For the branching structure to hold, gene trees must be estimated from regions of the
genome that are free of recombination [10]; in other words, the gene sequence was inherited
from one parent in every generation rather than intermixed between different individuals.
As a gene replicates and its copies are passed on, mutations or duplications may occur
that generate branching events in the gene tree. When the leaves of a gene tree sample
individual representatives of different species, leaves are either related via a speciation event
(orthologs) or via a duplication event (paralogs) (see discussion in [19]). The internal nodes
of the gene tree can be interpreted as corresponding to these ancestral events. Note that
within a species, individuals may have different versions of a gene, referred to as alleles.
Species trees. We begin by acknowledging that there is not a definitive definition of a
species, and delineating species is itself an area of research [20]; for the purposes of develop-
ing computational methods, we sidestep this issue by assuming that sequencing data from
distinct species has already been identified and provided as input.
While a gene tree traces an individual gene lineage as it moves backwards in time, a
species tree dictates the collection of potential ancestors from which a gene can be inherited.
Branches of a species tree can be understood to contain generations of individuals; when a
population becomes separated by speciation, the genes within each nascent species likewise
become divided into two sets of lineages. In this way, gene trees are constrained by branches
of the species tree [10]. Internal nodes of a species tree therefore correspond to speciation
events, lineage-splitting that creates two or more separate species. We typically expect
for an ancestral species to diverge into two descendant species, creating a binary species
tree. However, there are some examples of ancient rapid radiation events ; these are short
periods of intense diversification that are especially hard to resolve, creating polytomies in
the species tree [21]. Unlike gene trees estimated from a single locus, species trees incorporate
sequencing data from across the genome.
Gene and species tree discord. Somewhat surprisingly, certain biological processes can
cause the topologies of gene trees to differ from each other as well as from the species
tree (see Fig. 2.2). Three major causes of this discord were famously identified in [10],
and we will describe each of them here. First, incomplete lineage sorting (ILS) refers to a
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population-level phenomenon whereby gene lineages coalesce in a branch of the species tree
deeper than their MRCA. When this happens, the ordering of lineage merging may be such
that it differs from the species tree. ILS is thought to be widespread and found across a
variety of species (e.g., [22, 23, 24]). Gene duplication and loss (GDL) refers to the process
whereby genes duplicate to create additional copies or are deleted during replication [25].
Complex patterns of duplication and loss can likewise lead to a gene tree that differs from
the species tree. GDL has been observed in nature, including between the human and great
ape [26]; in fact, gene duplication is thought to be a major driver of evolutionary change
as the duplicated gene takes on new functions (the orthologs conjecture). Finally, reticulate
evolution describes the merging of ancestral lineages into a descendent lineage. Examples
of reticulate evolution include hybridization [27] along with horizontal gene transfer (HGT)
[28], where an organism incorporates genetic information from a contemporary organism
other than its parent. Reticulate evolution is well documented in bacteria and single cell
eukaryotes (e.g., [29, 30, 31, 32]), but has also been observed in larger organisms such as
plants (e.g., [33, 34, 35]).
There is a major conceptual difference between reticulate evolution as compared to ILS
and HGT. The merging of branches in reticulate evolution results in a non-treelike process
and requires a more general graphical model, called a phylogenetic network, for proper anal-
ysis [36, 37, 38, 39]. However, GDL and ILS produce heterogeneity across the genome that
can still be properly modeled by a single species tree [10, 40]. Species phylogeny estimation
methods should account for and be robust to this heterogeneity.
Models relating gene and species trees. Models of evolution allow us to establish
statistical relationships between gene and species trees; as motivated above, they are not
wholly independent. Indeed, a gene tree can be thought of as randomly drawn from the gene
tree distribution defined by a species tree. Conversely, a species tree can be inferred using
probabilistic models accounting for the distribution of gene trees induced by species trees.
Much of the focus in the statistical phylogenetics literature has been on developing meth-
ods for species tree estimation in the presence of ILS, which is modeled by the multi-species
coalescent (MSC) [41, 42, 43, 44]. Under the MSC model, each branch of the species tree is
parameterized by the number of generations spanned by the branch and the size of the pop-
ulation contained in the branch (or twice that if species are diploid). These parameters are
the branch length and width, respectively. Since the probability that two lineages coalesce
on a branch is simply a function of length and width, the parameterized species tree defines
a probability distribution over possible gene trees contained within its branches. Species
trees with very short branches or very large populations are more likely to produce conflict-
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Figure 2.2: Heterogeneity in modeling the evolution of single gene versus entire
genome. (a) Examples of rooted gene trees, which depict the evolutionary history of a
single gene for a collection of butterfly species. Note that tree topologies may differ across
genes due to certain known biological phenomena, such as GDL, ILS, and HGT. (b) Example
of a species tree which depicts the evolutionary history of the entire genome for a collection
of butterfly species. Note that the species and gene tree topologies again may differ. In some
cases, the species tree may not have the same topology as any gene tree.
ing gene trees. Under the MSC, species trees are provably identifiable from the probability
distribution of gene tree topologies they define for certain models of sequence evolution [45].
There has been recent interest in expanding beyond MSC to model types of discord other
than ILS. Notable examples of this include a probabilistic model accounting for just GDL
[46] followed by a unified model that accounts for both ILS and GDL [47].
Models of evolution are important to keep in mind when thinking about method assump-
tions and the data on which methods are tested. Simplistic models of evolution can be more
computationally tractable but may, for example, suffer from being underspecified, resulting
in a large solution space. On the other hand, highly parameterized methods may perform
well on data consistent with the model assumptions, but may not be robust or transferable
to a wide range of datasets.
2.1.3 Estimation methods
We now discuss existing approaches for both gene and species tree estimation. While
the subsequent chapters of this dissertation primarily focus on improving gene trees, we
introduce here how gene trees may be used as an input to estimate species trees. In this
way, improving gene tree estimation may improve species tree estimation, albeit indirectly.
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Evaluating methods. Computational methods must first and foremost perform well em-
pirically to be useful to biologists. Since we do not typically know the ground truth on
real biological datasets, simulated datasets are constructed under different models of evolu-
tion to benchmark method accuracy. Researchers test methods under a range of conditions,
evaluating robustness to error, model misspecification, and challenging edge cases.
It is likewise important to establish the theoretical proprieties of each method. For
instance, there is a lot of interest in showing methods are statistically consistent ; that is,
error in the estimated model parameters provably goes to zero as the amount of input
data generated under the model approaches infinity. Otherwise, the method is said to be
statistically inconsistent. While statistical consistency is important, it is worth reiterating
that it only describes performance at the limit. In practice, methods are run on finite data,
which statistical consistency does not address. Another important theoretical consideration
is time complexity, which indicates the scalability of a method to large datasets with many
species. Algorithms will need to accommodate large-scale sequencing projects underway
such as the 5000 Insect Genomes Project [1, 2], the 10000 Plant Genomes Project [3], and
the Earth BioGenome Project, whose goal is to sequence 1.5 million eukaryotic species [4].
Gene tree estimation. The input to gene tree estimation methods is typically a multiple
sequence alignment (MSA) for the gene of interest across a set of species. An alignment
can be represented as a matrix where each row contains the genomic sequence for a species
interspliced with gap character states; gaps are introduced so as to ensure that characters
in the same column are homologous, meaning they evolved from the same nucleotide in
a common ancestor. MSAs are an active area of research and beyond the scope of this
dissertation; we refer the interested reader to the chapter on MSA in [48].
Given an MSA, there are broadly two types of approaches for estimating a gene tree.
Non-statistical approaches include constructing trees from qualitative characters (e.g., max-
imum parsimony and maximum compatibility) and certain types of distance methods (e.g.,
neighbor joining). Statistical approaches, on the other hand, explicitly account for mod-
els of evolution. Examples of these approaches include maximum likelihood and Bayesian
methods. Across methods, there are different trade-offs: some are heuristics for NP-hard
problems, some are computationally intensive, some lack certain theoretical properties such
as statistical consistency. However, one limitation that all these methods have in common is
that gene tree estimation based on a single locus is more susceptible to (1) missing sequenc-
ing data for that gene for certain species and (2) not containing enough signal to determine
the correct gene tree topology with high confidence (see Chapter 1 and discussion in [49, 50]).
One approach from the GDL literature to address limited signal is to modify estimated
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gene trees with respect to a reference tree, which may either be an established tree from
prior studies or an estimated species tree (e.g., based on an assembled multi-gene dataset).
Such methods are typically based on parametric models of gene evolution and broadly fall
into two categories. Integrative methods use available sequence data in addition to the
estimated gene tree and reference tree; examples include ProfileNJ [51], TreeFix [52], and
TreeFix-DTL [53]. On the other hand, gene tree correction methods, only use the gene
tree and species tree topologies; Notung [54, 55] and ecceTERA [56] are two well-known
methods of this type. Integrative methods are generally expected to be more accurate than
gene tree correction methods in the presence of GDL, but are also more computationally
intensive as a result of performing likelihood calculations with the sequencing data. See
[57, 58, 59, 60, 61, 62] for additional literature on this subject. We build on this line of work
in Chapters 3-4 by introducing non-parametric approaches for gene tree correction that can
be used in contexts outside of GDL, such as ILS and HGT.
Species tree estimation. A straightforward approach for estimating species trees is sim-
ply to concatenate together a multi-locus dataset and then run a method described above
on the resulting alignment. Such an approach is often referred to as concatenation and is
indeed quite popular [63, 64]. Despite competitive empirical performance on benchmark
experiments [65], these methods tend to suffer from a number of theoretical limitations.
For example, one of the most common versions of concatenation uses maximum likelihood
(CA-ML). Under the simplest unpartitioned version of CA-ML, all loci are assumed to evolve
down a single model tree, an assumption that is violated when recombination occurs between
loci. Furthermore, it was shown that unpartitioned CA-ML is statistically inconsistent and
sometimes positively misleading under the MSC model [44].
Another intuitive approach for estimating species trees from multi-locus data is to first
estimate gene trees and then combine them into a species tree, leveraging the fact that
the two types of trees are related. The simplest way to combine them is to use the most
frequent gene tree topology as the estimate of the species tree. This approach has been proven
statistically consistent under the MSC for rooted species trees with three leaves or unrooted
trees with four leaves, but not when more leaves are present [66, 67, 68, 69]. However, there
are related approaches that combine gene trees into a larger species tree in a way that is
statistically consistent under the MSC model. Some of these summary methods, such as
ASTRAL-II [70] and ASTRID [71], have been shown to scale well to datasets with many
taxa (i.e., >1000 species) and provide accurate species tree estimates. Note that summary
methods have many features in common with supertree methods that combine source trees
on overlapping leaf sets (see discussion in [72]), but are based on mathematical properties
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of the MSC model and so can be proven statistically consistent under this model; supertree
methods, by contrast, assume conflict between source trees is due to estimation error rather
than ILS, and so are generally not statistically consistent under the MSC model.
Finally, there also exist co-estimation methods that indirectly rely on gene trees. These
methods work by taking as input an MSA and then inferring gene and species trees together
[73]. While these methods are often computationally expensive, the approach supports the
idea that species and gene trees may be able to improve one another iteratively.
2.2 TUMOR PHYLOGENY CONSTRUCTION
We now switch our attention from species phylogenies to tumor phylogenies. Tumor
phylogeny estimation is a related but distinct conceptual challenge from species phylogeny
estimation. Many of these differences stem from the fact that evolution is happening at a
different scale, where the leaves of the phylogeny are not known a priori.
Tumors develop via an evolutionary process [5]; tumor cells rapidly grow and divide, ac-
quiring new mutations with each subsequent generation. Mutations that accumulate during
the lifetime of an individual are referred to as somatic mutations as opposed to germline
mutations that are inherited. Under the infinite sites assumption (ISA) each mutation is
gained exactly once and never lost, giving rise to a two-state perfect phylogeny. The ISA
underlies the majority of current methods for tumor phylogeny inference from both bulk
and single-cell DNA sequencing data (reviewed in [74]). In line with this work, we likewise
adhere to the ISA unless it is noted otherwise; we acknowledge that this is a simplifying
assumption that should be relaxed in future work.
2.2.1 Tumor phylogenies as graph theoretic objects
We begin by reviewing the basic graphical objects underlying tumor phylogenies. Note
that we hold off on diving into tumor biology until the next section; as a consequence, certain
terms like mutation are left intentionally vague.
Rooted phylogenies. The evolutionary history of n mutations of a tumor is represented
by a particular type of rooted tree T whose root vertex is denoted by r(T ), vertex set by V (T ),
and directed edge set by E(T ). Similar to the rooted species phylogenies introduced above,
the edges of a tumor phylogeny are directed away from the root. The terms parent, child,




Figure 2.3: Unlike a species phylogeny, leaves of a tumor phylogeny are not known
a priori. (Left) Two different species phylogenies TA, TB with the same set of species labeling
the leaves. (Right) Four different tumor phylogenies that differ in distinct ways. Trees T1
and T2 have the same set of clones labeling the leaves, but a different ancestral relationship
between the mutations on the right branch. Trees T1 and T3 have the same set of mutations
but different clones. Trees T1 and T4 have different mutations and different clones.
between two vertices. Other general tree terminology also carries over directly, including
binary, polytomy, common ancestor, and most recent common ancestor.
The vertices of T now represent groups of cells, or clones, that have nearly identical
mutational profiles. The leaves of T correspond to the extant clones present at the time of
sampling, and the internal nodes correspond to ancestral clones in the tumor. Under the
ISA, mutations are gained once and never lost. Thus, each mutation is present on exactly one
edge of T , and we may label each non-root vertex v 6= r(T ) by the mutations µ(v) = µ(u, v)
introduced on its unique incoming edge (u, v). The root vertex r(T ) typically corresponds
to the normal, or non-mutated clone, and is represented by the empty set µ(r(T )) = ∅.
If more than one mutation is gained on an edge, then we call the child vertex v a mutation
cluster (i.e., |µ(v)| > 1). Such mutation clusters represent a type of ambiguity where the
linear ordering of mutation gain is unknown. We say that a tree T ′ is an expansion of a tree
T if all mutation clusters of T have been expanded into ordered paths such that only one
mutation is gained on each edge. In particular, for a mutation cluster with n mutations, there
are n! possible expanded paths. We also define the ancestral set A(v) of vertex v as the set
of mutations that label the path from r(T ) to v in T . A(v) defines the full set of mutations
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Figure 2.4: Three different distance measures for comparing tumor phylogenies.
Each measure takes the symmetric difference between sets from each tree. Clonal distance
uses the set of clones, parent-child distance uses the set of directed edges, and ancestor-
descendant distance uses the set of all ancestor-descendant mutation pairs. Here, we com-
pute each distance between trees T1 and T2. We show the elements contributing to the
symmetric difference in each case. Items in T1 but not T2 are shown in the column on the
left. Conversely, items in T2 but not T1 are shown in the right column.
present in the clone represented by v. We say that two edges (u, v) ∈ E(T ), (u′, v′) ∈ E(T ′)
are equal if they have the same set of mutations present at their corresponding endpoints
(i.e. µ(u) = µ(u′), µ(v) = µ(v′)).
Comparing rooted phylogenies. There are several reasons why the methods for com-
paring rooted species phylogenies do not immediately translate to tumor phylogenies. The
first reason is that the leaves of a tumor tree are not known a priori; we typically observe
the set of mutations for a patient, but the clustering of these mutations into clones is not
directly observed. This creates scenarios where, even for a fixed set of mutations, we may
want to compare alternative tumor phylogenies with different clones. A second reason is
that there is only one tree of life, but there are many separate instances of tumor evolution
occurring in different patient tumors. Here, we may want to compare trees not only with
different clones, but also with different sets of mutations. In other words, tumor comparisons
must operate at the level of the mutation sets labeling each vertex rather than collapsing
these sets into some higher order notion of species (see Fig. 2.4).
Recall that above we introduced the notion of RF distance between unrooted species
phylogenies. In the rooted setting, RF distance can be modified slightly to equal the sym-
metric difference of the sets of clades rather than bipartitions. In an attempt to adapt this
to tumor phylogenies, we could think of a clade as being represented by the set of mutations
gained within that clade. However, there is something flawed with this approach; working
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with clades emphasizes branched clones rather than clones with an ancestral relationship.
We are primarily interested in ancestral relationships since ancestral mutations influence
the occurrence of future mutations. We can instead look at something called clonal dis-
tance [75], which is the symmetric difference of the clones (i.e., ancestral sets) between two
tumor phylogenies. In other words, rather that looking at the set of mutations gained below
a vertex, we look above at the set of mutations gained on the path from vertex to root. A
challenge with this method is that two clones that are nearly identical are not distinguished
from clones that have no mutations in common. In practice, trees often have no clones in
common, a case where this measure has little utility.
One of the most common distances used in the literature is the parent-child (PC) distance,
which is equal to the symmetric difference in the edge sets between two trees [75]. We define it
formally here as it is referenced directly later. This distance only captures the dependency
of a mutation on the preceding mutation, which has been criticised as a limitation for a
similar reason as above; all inherited mutations on the path to the root may play a role in
the selection of the next mutation, not just the most recent one. It is also a concern that, in
practice, not all mutations are sampled from every tumor, and so the parent-child distance
may be too sensitive of a measure.
Definition 2.2. The parent-child distance d(T, T ′) of two trees T and T ′ is the size of the
symmetric difference between the two edge sets E(T ) and E(T ′), i.e.
d(T, T ′) = |E(T )4 E(T ′)|. (2.2)
The ancestor-descendent (AD) distance is a slightly more generalized measure that in-
corporates long-range relationships. Given two trees T and T ′, this distance is computed
by completing each tree with all edges between ancestor-descendent pairs. The distance is
then the symmetric difference between the completed edge sets (i.e., the number of ancestor-
descendant pairs in one tree but not the other) [75]. This approach corrects for some of the
shortcomings of parent-child distance, but can introduce other unintended artifacts. For
instance, two trees with the same number of mutations can now have very different numbers
of ancestor-descendent pairs because of differences in tree depth. Certain applications that
rely on this measure might inadvertently weight trees with larger depth more heavily.
Many other measures have been proposed for comparing tumor phylogenies under the
ISA [76, 77, 78], and this continues to be an area of ongoing research. It is likely that no one
measure will be appropriate across contexts, and it is important to understand the trade-offs
when incorporating these measures into optimization functions or evaluating results.
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2.2.2 Clonal theory of evolution
The landmark paper by Nowell [5] posits that cancer results from an evolutionary process
whereby cells within a tumor descend from a single founder cell. As cells grow and divide,
new mutations are introduced leading to genetically-distinct subpopulations of cells known as
clones. Clones are subject to selective pressure exerted by surrounding tissues, the immune
system, and treatments. Particularly advantageous combinations of mutations are selected
for and create clonal expansions, where many copies of a particular clone arise in a tumor.
Types of somatic mutations. Genetic variation observed in cancer can be classified
into different types depending on the scale in which it operates. Small-scale variations
(< 1 kilobase in length) include insertions and deletions as well as point mutations. We
note that when germline point mutations are common to a population, they are referred to
as single nucleotide polymorphisms (SNPs). This is not to be confused with somatic point
mutations arising in tumor cells, which are referred to as single nucleotide variants (SNVs).
On the other hand, large-scale variations (> 1 kilobase in length) include chromosomal
rearrangements (e.g., translocation, transversion, segmental) and copy number aberrations
(CNAs), such as gain or loss. At the largest scale, there can be variation in the number of
whole chromosomes or genomes (e.g., polyploidy, aneuploidy).
Models of tumor evolution. Much of the current work in tumor phylogenetics focuses
on just SNVs and relies on the ISA. Recall, under the ISA each mutation can only be gained
once and never lost. In the two-state case, this corresponds to a tree where the root vertex
starts with state 0 (non-mutated) for each character. Each character can change state from
0 to 1 only once in the tree, but never revert back. This model is known as the two-state
perfect phylogeny model. A more general version has also been proposed, called the multi-
state perfect phylogeny model, which likewise prohibits homoplasy. A character in this model
can change states more than once, but never change back to a previous state.
SNVs and CNAs can interact in such a way that reliably violates the standard ISA
assumption, making the two-state perfect phylogeny model unrealistic. For instance, a copy
number deletion that overlaps with an SNV causes a loss of that SNV in descendent cells.
One straightforward solution that is often deployed is to exclude all SNVs that occur in
regions where a CNA has been detected. However, aneuploidy drives extensive CNAs in
approximately 90% of tumors [79, 80]; removing these regions results in a major loss of data.
More general models of evolution have been proposed in response to these concerns. While
the methods in this dissertation are primarily developed under ISA, we include these models
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because they are an important direction of future research.
Under the Dollo parsimony model [81], a mutation can be gained only once, but it can
be lost multiple times. A variation on this model is the k-Dollo parsimony model, which
restricts each mutation to being lost at most k times [82]. Because the loss of SNVs due to
CNAs is much more prevalent than gaining the same mutation twice via parallel evolution,
this relaxation captures dominant factors underlying the evolution of SNVs in cancer.
The finite sites model is even more general, allowing for parallel evolution along with
mutation loss. This is a parameterized model that uses a continuous-time Markov chain
to assign probabilities along branches of the tumor phylogeny for each possible transition
between a homozygous reference or a heterozygous or homozygous non-reference genotype.
The model assumes that each site in the genome evolves identically and independently
through time. Thus, a major conceptual limitation of both this and the Dollo model is that
although they allow for loss, they do not consider CNAs that produce loss dependencies
across sites. Recent work [83] has tried to address this concern by using a loss-supported
phylogeny model, which constrains losses to regions with evidence of copy number decrease.
Hallmarks of cancer. While each tumor results from a different instantiation of this
evolutionary process, it is postulated that the complexity of all cancers can be reduced
to a small number of principles, so called hallmarks of cancer [84, 85]. The theory states
that normal cells must obtain a certain set of traits, such as “evading growth suppressors,”
“resisting cell death,” and “enabling replicative immortality,” to eventually turn malignant.
The increasing availability of tumor sequencing data has led to the use of phylogenies to
identify driver mutations interfering with genes or pathways potentially linked to these
common traits driving cancer progression [86, 87].
Driver mutations, in turn, may then be used to identify repeated evolutionary trajectories
in tumorigenesis and metastasis [88, 89, 90, 91]. Crucially, it has been suggested that the
co-occurrence and ordering, rather than just mutation presence, have significant prognostic
consequences, as was shown, for example, in a study of myeloproliferative neoplasms with
the ordering of JAK2 and TET2 mutations [92]. Early methods for revealing evolutionary
trajectories from cohorts of patients find evidence of reoccuring patterns, but suffer from
scalability issues and make simplifying assumptions about patient subtypes [90, 91]. It is the
hope that identifying patient subtypes with shared evolutionary patterns, called evolutionary
subtypes, will eventually lead to clinically-relevant subtypes enabling precision medicine.
Nevertheless, there is an exponential number of orderings in which these mutations can be
acquired and identifying these hallmarks remains a great challenge. We address this issue
further in the final chapter of this dissertation.
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2.2.3 Estimation methods
Tumor phylogeny estimation methods have been developed for a range of sequencing
technologies. However, most current methods only reconstruct the evolutionary history of
SNVs, with some methods also accounting for changes in copy number [82, 93, 94]. We focus
on such methods here unless otherwise noted. Future methods will need to account for the
other types of structural variation that can occur in the genome.
Bulk sequencing. The majority of patient tumor data is currently obtained via bulk DNA
sequencing. For instance, almost all datasets from The Cancer Genome Atlas (TCGA) and
International Cancer Genome Consortium (ICGC) consist of single bulk tumor samples.
The input to bulk sequencing is a mixed sample of short reads (< 300 bp) taken from
potentially millions of cells with varying genomes [95, 96]. In practice, samples will not
just contain tumor cells, but also normal cells. The fraction of tumor cells in a sample is
known as the purity. Reads are then aligned to a reference genome. For each SNV present
in a bulk sample, we directly observe the fraction of DNA sequencing reads aligned to that
location in the genome containing a variant allele. This fraction is the variant allele frequency
(VAF), and the denominator (i.e., the number of aligned reads) is the read depth. The VAF
estimates the fraction of tumor chromosomes containing an SNV with some error introduced
by the stochasticity of sequencing. Note that this is not the same as the fraction of cells
containing an SNV, known as the cancer cell fraction (CCF), as purity and copy number
obscure the relationship. However, VAF can be assumed as proportionate to CCF under
the ISA if CNAs are ignored since this implies all mutated cells are heterozygous diploid.
Alternatively, several methods have been developed to use copy number to more carefully
convert VAF into CCF [97]. Tumor phylogeny estimations methods then use VAF or CCF to
simultaneously identify the clones and tree topology over these clones (see [74] for a survey).
Methods here are inherently trying to solve a mixture problem; intuitively, we have as
input a matrix F , where the rows correspond to tumor samples and columns correspond
to mutations. The entries of this matrix are the proportion of cells containing a mutation
in a sample. Informally, the objective is to factorize F into (1) a matrix B specifying the
clustering of mutations into clones, and (2) a mixture matrix U describing the proportion of
clones in each sample. When additional constraints are placed on B so that the clones are
consistent with an evolutionary model, we call it a phylogeny mixture problem. Much work
has been done on studying the Perfect Phylogeny Mixture (PPM) problem [98], where the
evolutionary model placed on B is the two-state perfect phylogeny (i.e., B must correspond
to a perfect phylogeny). Deciding if such a factorization of F into UB exists in this setting
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has been shown to be NP-complete [98]. Minimizing the factorization error or sampling from
the solution space is therefore NP-hard; note that the solution is not necessarily unique [99].
Several heuristic methods have been developed that try to solve variations of this mixture
problem in practice. Methods that specialize in estimating tumor phylogenies from just one
bulk sample typically need to make additional strong assumptions, such as strong parsimony
or sparsity [100], because one sample does not provide sufficient constraint. Fortunately, as
sequencing has become cheaper and more pervasive, there has been a rise in bulk sequencing
studies that collect multiple samples from the same tumor, either spatially (e.g., [87, 101,
102, 103]) or temporally (e.g., [89, 104]). This has led to a boon in multi-sample bulk
sequencing methods, some of which just model SNVs and others that also account for CNAs
[98, 105, 106, 107, 108]. A method has also been proposed that moves beyond two-state
and assumes the multi-state perfect phylogeny model [109]. A current limitation shared by
all of these methods is that they do not infer a single tree per patient but rather a large
solution space of plausible trees for each individual patient [95, 96]. Identifying the true tree
is important to effective downstream analysis; either additional data must be collected or
additional constraints should be explored in order to select one tree for each patient.
Single cell sequencing. Single-cell sequencing allows us to directly observe specific cells
present within a tumor without deconvolution. While promising, single-cell sequencing is
currently expensive and not performed at scale. Moreover, the data suffers from a number of
technical challenges that must be adequately addressed. These sequences are known to have
elevated rates of false positives and negatives from genome amplification, as well as significant
amounts of missing data since only a small fraction of tumor cells are sequenced [110, 111].
This is especially problematic in the context of cancer, where it is hard to determine if a
variant is a subclonal mutation or an error. While early single cell methods directly applied
classic phylogeny estimation techniques like neighbor joining [112], more recent methods
have tried to explicitly model the single cell sequencing errors for better results [77, 82, 93,
113, 114]. Still, single cell methods have some limitations, especially in establishing linear
mutation orderings, due to high noise levels and missing ancestral clones [115].
Some methods look to combine single cell and bulk sequencing data in a complementary
way to overcome the limitations of each technology [115]. For example, bulk sequencing is
an inexpensive way to generate a set of plausible tumor phylogenies for a patient. Targeted
single cell sequencing can then be used to rule out phylogenies and hopefully select the true
tree [116]. While this is again another promising direction, such combined datasets are rare
and require the ability to do additional sequencing. Later, we look to see what signal we
can extract from existing datasets when additional sequencing is not an option.
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CHAPTER 3: CORRECTING GENE TREES TO INCLUDE MISSING
SPECIES USING A REFERENCE TREE WITH OCTAL
We begin the main body of this dissertation with a method for adding missing species into
gene trees using a reference tree. This reference tree is typically estimated from a multi-locus
dataset and used as a surrogate in the case where sequencing information is missing for the
gene of interest. Figures and tables appear at the end of this chapter in Section 3.6.
3.1 INTRODUCTION
A common challenge for phylogeny estimation methods is that sequence data may not
be available for all genes and species of interest, creating conditions with missing data
[49, 50, 119]. Gene trees can be missing species simply because some species do not contain
a particular gene, and in some cases, no common gene will be shared by every species in the
set of taxa [120]. Additionally, not all genomes may be fully sequenced and assembled, as
this can be operationally difficult and expensive [50, 121].
Missing gene data has both practical and theoretical implications, the impact of which
may propagate into downstream analysis, including species tree estimation. Although species
tree summary methods are statistically consistent under the MSC model [122], the proofs
of statistical consistency assume that all gene trees are complete, and so may not apply
when the gene trees are missing taxa. Recent extensions to this theory have postulated
that some species tree estimation methods are statistically consistent under some models of
missing data (e.g., when every species is missing from each gene with uniform probability)
[123, 124, 125]. However, missing data in biological datasets often violates such models [119];
for example, missing data may be biased towards genes with faster rates of evolution [126].
Furthermore, sparse multi-locus datasets can be phylogenetically indecisive, meaning more
than one tree topology can be optimal, making it impossible to distinguish between multiple
alternative trees [127]. Because of concerns that missing data may reduce the accuracy
of multi-locus species tree estimation methods, many phylogenomic studies have restricted
their analyses to only include genes with most of the species (see discussion in [49, 50, 128]).
We address this challenge by adding missing species back into gene trees using auxiliary
This chapter contains material previously presented at the 2017Workshop on Algorithms in Bioinfor-
matics [117] and later published in Algorithms for Molecular Biology under the title “OCTAL: Optimal
Completion of Gene Trees in Polynomial Time” [118]. This work was done in conjunction with E.K. Mol-
loy, P. Vachaspati, and T. Warnow; TW conceived the project; PV, EKM designed and implemented the
algorithm; SC, EKM, TW established theory; SC, TW wrote proofs; SC, PV, EKM performed experiments;
SC, EKM produced the figures; SC, EKM, TW contributed to the writing of this chapter.
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information from other regions of the genome. In doing so, we formulate the Optimal Tree
Completion (OTC) problem, which seeks to add missing species to a gene tree so as to mini-
mize distance to another tree, called a reference tree. In this chapter, we specifically address
the Robinson-Foulds (RF) Optimal Completion problem, which seeks a completion that
minimizes the RF distance between the two trees. We then present the Optimal Completion
of Incomplete gene Tree Algorithm (OCTAL), a greedy polynomial time algorithm that we
prove solves the RF Optimal Completion problem exactly. We also present results from an
experimental study on simulated datasets comparing OCTAL to a heuristic for gene tree
completion within ASTRAL-II.
3.2 PROBLEM STATEMENT
The problem we address in this paper seeks to add leaves into an incomplete tree in such
a way as to minimize distance to an existing tree, where the distance between trees is defined
by the RF distance (see Def. 2.1). A formal statement of the problem is as follows:
Problem 3.1 (RF Optimal Tree Completion (RF-OTC)). Given an unrooted binary
tree T on the full taxon set S and an unrooted binary tree t on a subset of taxa R ⊆ S
output an unrooted binary tree T ′ on the full taxon set S with two key properties:
1. T ′ is a S-completion of t (i.e., T ′ contains all the leaves of S and T ′|R = t) and
2. T ′ minimizes the RF distance to T among all S-completions of t
Note that t and T |R are both on taxon set R, but need not be identical. In fact, the RF
distance between these two trees is a lower bound on the RF distance between T and T ′.
3.3 METHODS
In this section, we present OCTAL, an algorithm for solving the RF-OTC problem exactly
in polynomial time. The algorithm begins with input tree t and adds leaves one at a time
from the set S \ R until a tree on the full set of taxa S is obtained. To add the first leaf,
we choose an arbitrary taxon x to add from the set S \R. We root the tree T |R∪{x} (i.e., T
restricted to the leaf set of t plus the new leaf being added) at x, and then remove x and the
incident edge; this produces a rooted binary tree we will refer to as T (x) that has leaf set R.
We perform a depth-first traversal down T (x) until a shared edge e (i.e., an edge where
the clade below it appears in tree t) is found. Since every edge incident with a leaf in T (x)
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Figure 3.1: One iteration of the OCTAL algorithm. Trees T and t with edges in the
backbone (defined to be the edges on paths between nodes in the common leaf set) colored
green for shared, and blue for unique; all other edges are colored black. After rooting T |R
with respect to u, the edges in T |R that could be identified by the algorithm for “placement”
are indicated with an asterisk (*). Note that any path in T |R from the root to a leaf will
encounter a shared edge, since the edges incident with leaves are always shared. In this
scenario, the edge e above the least common ancestor of leaves w and x is selected; this edge
defines the same bipartition as edge e′ in t. Hence, AddLeaf will insert leaf u into t by
subdividing edge e′, and making u adjacent to the newly added node.
is a shared edge, every path from the root of T (x) to a leaf has a distinct first edge e that is
a shared edge. Hence, the other edges on the path from the root to e are unique edges.
After we identify the shared edge e in T (x), we identify the edge e′ in t defining the same
bipartition, and we add a new node v(e′) into t so that we subdivide e′. We then make x
adjacent to v(e′). Note that since t is binary, the modification t′ of t that is produced by
adding x is also binary and that t′|R = t. These steps are then repeated until all leaves from
S \R are added to t. This process is shown in Figure 3.1 and given in Algorithm 3.1 below.
3.3.1 Proof of Correctness
Let T be an arbitrary binary tree on taxon set S and t be an arbitrary binary tree
on taxon set R ⊆ S. Let T ′ denote the tree returned by OCTAL given T and t. We set
r = RF (T |R, t). As we have noted, OCTAL returns a binary tree T ′ that is an S-completion
of t. Hence, to prove that OCTAL solves the RF Optimal Tree Completion problem exactly,
we only need to establish that RF (T, T ′) is the smallest possible of all binary trees on leaf
set S that are S-completions of t. While the algorithm works by adding a single leaf at a
time, we use two types of subtrees, denoted as superleaves, to aid in the proof of correctness.
Definition 3.1. The backbone of T with respect to t is the set of edges in T that are on a
path between two leaves in R.
Definition 3.2. A superleaf of T with respect t is a rooted group of leaves from S \R that
is attached to an edge in the backbone of T . In particular, each superleaf is rooted at the
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Algorithm 3.1: RF Optimal Tree Completion Algorithm (OCTAL).
Input: Binary tree t on taxon set R ⊆ S, binary tree T on taxon set S
Output: Binary tree t′ on taxon set S solving the RF-OTC problem
Function AddLeaf:
Root T2 at v, the neighbor of x, and delete x to get a rooted version of T2|K
Pick arbitrary leaf y in T2|K and find first edge e ∈ E on path from v to y
Find e′ in T1 defining the same bipartition as e
Attach x to e′ in T1 by subdividing e
′ and making x adjacent to the newly






E ← Preprocess and initialize set of shared edges between t and T |R
R′ ← R // Initialize R′ by setting it equal to input R
t′ ← t // Initialize t′ by setting it equal to input t
for x ∈ S rR do
R′ ← R′ ∪ {x}
T ′ ← T |R′
t′ ← AddLeaf(x, t′, T ′, E)




node that is incident to one of the edges in the backbone
Definition 3.3. There are exactly two types of superleaves, Type I and Type II:
1. A superleaf is a Type I superleaf if the edge e in the backbone to which the superleaf is
attached is a shared edge in T |R and t. It follows then that a superleaf X is a Type I
superleaf if and only if there exists a bipartition A|B in C(t)∩C(T |R) where A|(B∪X)
and (A ∪X)|B are both in C(T |R∪X).
2. A superleaf is a Type II superleaf if the edge e in the backbone to which the superleaf
is attached is a unique edge in T |R and t. It follows that a superleaf X is a Type II
superleaf if and only if for any bipartition A|B such that A|(B ∪ X) and (A ∪ X)|B
are both in C(T |R∪X), A|B 6∈ C(t).
Now we begin our proof by establishing a lower bound on the RF distance to T for all
binary S-completions of t.
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Lemma 3.1. Let Y be a Type II superleaf for the pair (T, t), and let x ∈ S \ R. Let t∗ be
the result of adding x into t arbitrarily (i.e., we do not attempt to minimize the resulting
RF distance). If x 6∈ Y , then Y is a Type II superleaf for the pair (T, t∗). Furthermore, if
x ∈ Y , then RF (T |R∪{x}, t∗) ≥ RF (T |R, t) + 2.
Proof. It is easy to see that if x 6∈ Y , then Y remains a Type II superleaf after x is added
to t. Now suppose x ∈ Y . We will show that we cannot add x into t without increasing the
RF distance by at least 2. Since Y is a Type II superleaf, it is attached to a unique edge
in T |R∪Y , and this is the same edge that x is attached to in T |R∪{x}. So suppose that x is
added to t by subdividing an arbitrary edge e′ in t with bipartition C|D; note that we do not
require that x is added to a shared edge in t. After adding x to t we obtain tree t∗ whose
bipartition set includes C|(D ∪ {x}) and (C ∪ {x})|D. If C|D corresponds to a unique edge
relative to t and T |R, then both of these bipartitions correspond to unique edges relative
to t∗ and T |R∪{x}. If C|D corresponds to a shared edge, then at most one of the two new
bipartitions can correspond to a shared edge, as otherwise we can derive that Y is a Type I
superleaf. Hence, the number of unique edges in t must increase by at least one no matter
how we add x to t, where x belongs to a Type II superleaf. Since t is binary, the tree that
is created by adding x is binary, so that RF (T |R∪{x}, t∗) ≥ RF (T |R, t) + 2. QED.
Lemma 3.2. Let T ∗ be an unrooted binary tree that is a S-completion of t. Then we have
RF (T ∗, T ) ≥ r+ 2m, where r = RF (T |R, t) and m is the number of Type II superleaves for
the pair (T, t).
Proof. We note that adding a leaf can never reduce the total RF distance. The proof follows
from Lemma 3.1 by induction. QED.
Now that we have established a lower bound on the best achievable RF distance (i.e.,
the optimality criterion for the RF Optimal Tree Completion problem), we show OCTAL
outputs a tree T ′ that is guaranteed to achieve this lower bound. We begin by noting that
when we add x to t by subdividing some edge e′, creating a new tree t′, all the edges other
than e′ in t continue to “exist” in t′ although they define new bipartitions. In addition, e′
is split into two edges, which can be considered new. Thus, we can consider whether edges
that are shared between t and T remain shared after x is added to t.
Lemma 3.3. Let t′ be the tree created by AddLeaf, given input tree t on leaf set R and
tree T on leaf set R∪{x}. If x is added to tree t by subdividing edge e′ to create t′, then all
edges in t other than e′ that are shared between t and T remain shared between t′ and T .
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Proof. Let T (x) be the rooted tree obtained by rooting T at x and then deleting x. Let e be
the edge in T (x) corresponding to e′, and let πe = A|B; without loss of generality assume A
is a clade in T (x). Note that C(T ) contains bipartition A|(B∪{x}) (however, C(T ) may not
contain (A ∪ {x})|B, unless e is incident with the root of T (x)). Furthermore, for subclade
A′ ⊆ A, A′|(R \ A′) ∈ C(T |R) and A′|(R \ A′ ∪ {x}) ∈ C(T ). Now suppose e∗ in t is a
shared edge between t and T |R that defines bipartition C|D 6= A|B. Since A|B and C|D
are both bipartitions of t, without loss of generality either C ⊂ A or A ⊂ C. If C ⊂ A, then
C is a clade in T (x), and so e∗ defines bipartition C|(D ∪ {x}) within t′. But since C ⊂ A,
the previous analysis shows that C|(D ∪ {x}) is also a bipartition of T , and so e∗ is shared
between T and t′. Alternatively, suppose A ⊂ C. Then within t′, e∗ defines bipartition
(C ∪ {x})|D, which also appears as a bipartition in T . Hence, e∗ is also shared between T
and t′. Therefore, any edge e∗ other than e′ that is shared between t and T remains shared
between t′ and T , for all leaves x added by AddLeaf. QED.
Lemma 3.4. OCTAL(T, t) preserves the topology of superleaves in T. In other words, for
any superleaf with leaves Q ⊆ S, OCTAL(T, t)|Q equals T |Q.
Proof. We will show this by induction on the number of leaves added. The lemma is trivially
true for the base case when just one leaf is added to t. Let the inductive hypothesis be that
the lemma holds for adding up to n leaves to t for some arbitrary n ∈ N+. Now consider
adding n + 1 leaves, and choose an arbitrary subset of n leaves to add to t, creating an
intermediate tree t′ on leaf set K using the algorithm OCTAL. Let x be the next additional
leaf to be added by OCTAL.
If x is the first element of a new superleaf to be added, it is trivially true that the topology
of its superleaf is preserved, but we need to show that x will not break the monophyly of an
existing superleaf in t′. By the inductive hypothesis, the topology of each superleaf already
placed in t′ has been preserved. Thus, each superleaf placed in t′ has some shared edge
in t′ and T |K incident to that superleaf. If x were placed onto an edge contained in some
existing superleaf, that edge would change its status from being shared to being unique,
which contradicts Lemma 3.3.
The last case is where x is part of a superleaf for the pair (T, t) that already has been
partially added to t. AddLeaf roots T |K∪{x} at x and removes the edge incident to x,
creating rooted tree T (x). The edge incident to the root in T (x) must be a shared edge by
the inductive hypothesis. Thus, OCTAL adds x to this shared edge, preserving the superleaf
topology. QED.
Lemma 3.5. OCTAL(T, t) returns binary tree T ′ such that RF (T, T ′) = r+ 2m, where m
is the number of Type II superleaves for the pair (T, t) and r = RF (T |R, t).
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Proof. We will show this by induction on the number of leaves added.
Base Case: Assume |S \ R| = 1. Let x be the leaf in S\R. AddLeaf adds x to a shared
edge of t corresponding to some bipartition A|B, which also exists in T (x).
1. First we consider what happens to the RF distance on the edge x is attached to.
If x is a Type I superleaf, the edge incident to the root in T (x) will be a shared
edge by the definition of Type I superleaf, so AddLeaf adds x to the corresponding
edge e′ in t. The two new bipartitions that are created when subdividing e′ will both
exist in T by the definition of Type I superleaf so the RF distance does not change.
If x is a Type II superleaf, either (A ∪ {x})|B or A|(B ∪ {x}) must not exist in
C(T ). Since AddLeaf adds x to a shared edge, exactly one of those new bipartitions
must exist in C(T ).
2. Now we consider what happens to the RF distance on the edges x is not attached to.
Lemma 3.3 shows that AddLeaf (and therefore OCTAL) preserves existing shared
edges between t and T |R, possibly excluding the edge where x is added.
Thus, the RF distance will only increase by 2 if x is a Type II superleaf, as claimed.
Inductive Step: Let the inductive hypothesis be that the lemma holds for up to n leaves
for some arbitrary n ∈ N+. Assume |S \ R| = n + 1. Now choose an arbitrary subset
of leaves Q ⊆ S \ R, where |Q| = n, to add to t, creating an intermediate tree t′ using
the algorithm OCTAL. By the inductive hypothesis, assume t′ is a binary tree with the RF
distance between T |Q∪R and t′ equal to r+2m, where m is the number of Type II superleaves
in Q. AddLeaf adds the remaining leaf x ∈ S \R to a shared edge of t′ and T |Q∪R.
1. Lemma 3.3 shows that AddLeaf (and therefore OCTAL) preserves existing shared
edges between t′ and T |Q∪R, possibly excluding the edge where x is added.
2. Now we consider what happens to the RF distance on the edge x is attached to. There
are three cases: (i) x is not the first element of a superleaf (ii) x is the first element of
a Type I superleaf or (iii) x is the first element of a Type II superleaf.
Case (i): If x is not the first element of a superleaf to be added to t, it directly
follows from Lemma 3.4 that OCTAL will not change the RF distance when adding x.
Case (ii): If x is the first element of a Type I superleaf to be added, then x is
attached to a shared edge in the backbone corresponding to some bipartition A|B
existing in both C(t) and C(T |R). Let e′ be the edge in t s.t. πe′ = A|B. Note there
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must exist an edge e in T |Q∪R producing A|B when restricted to just R. Hence, the
bipartition πe has the form M |N where (M ∩ R) = A and (N ∩ R) = B. We need to
show that M |N ∈ C(t′).
• By Lemma 3.3, any leaves from Q not attached to e′ by OCTAL will preserve
this shared edge in t′.
• Now consider when leaves from Q are added to e′ by OCTAL. We decompose M
and N into the subsets of leaves existing in either R or Q: let M = A ∪W and
N = B ∪ Z. OCTAL will not cross a leaf from W with a leaf from Z along e′
because this would require crossing the shared edge dividing these two groups:
any leaf w ∈ W has the property that (A∪ {w})|B is a shared edge and any leaf
z ∈ Z has the property that A|(B∪{z}) is a shared edge. Hence, any leaves added
from Q that subdivide e′ will always preserve an edge between leaves contained
in W and Z on e′.
Thus, M |N ∈ C(t′). Moreover, (M ∪ {x})|N and M |(N ∪ {x}) are bipartitions in
C(T ). AddLeaf roots T at x and removes the edge incident to x, creating rooted
tree T (x). We have shown that the edge incident to the root in T (x) must be a shared
edge, so adding x does not change the RF distance.
Case (iii): If x is the first element of a Type II superleaf to be added, we have shown
in Lemma 3.1 that the RF distance must increase by at least two. Since AddLeaf
always attaches x to some shared edge e′, the RF distance increases by exactly 2 when
subdividing e′.
Thus, OCTAL will only increase the RF distance by 2 if x is a new Type II superleaf. QED.
Combining the above results, we establish our main theorem:
Theorem 3.1. Given unrooted binary trees t and T with the leaf set of t a subset of the
leaf set of T , OCTAL(T, t) returns an unrooted binary tree T ′ that is a completion of t and
that has the smallest possible RF distance to T . Hence, OCTAL finds an optimal solution
to the RF Optimal Tree Completion problem. Furthermore, OCTAL runs in O(n2) time,
where T has n leaves.
Proof. To prove that OCTAL solves the RF Optimal Tree Completion problem optimally,
we need to establish that OCTAL returns an S-completion of the tree t, and that the RF
distance between the output tree T ′ and the reference tree T is the minimum among all
S-completions. Since OCTAL always returns a binary tree and only adds leaves into t, by
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design it produces a completion of t and so satisfies the first property. By Lemma 3.5, the tree
T ′ output by OCTAL has an RF score that matches the lower bound established in Lemma
3.2. Hence, OCTAL returns a tree with the best possible score among all S-completions.
We now show that OCTAL can be implemented to run in O(n2) time, as follows. The
algorithm has two stages: a preprocessing stage that can be completed in O(n2) time and a
second stage that adds all the leaves from S \R into t that also takes O(n2) time.
In the preprocessing stage, we annotate the edges of T and t as either shared or unique,
and we compute a set A of pairs of shared edges (one edge from each tree that define the same
bipartition on R). We pick r ∈ R, and we root both t and T at r. We begin by computing,
for each of these rooted trees, the LCA (least common ancestor) matrix for all pairs of nodes
(leaves and internal vertices) and the number nu of leaves below each node u; both can be
computed easily in O(n2) time using dynamic programming. (For example, to calculate the
LCA matrix, first calculate the set of leaves below each node using dynamic programing,
and then calculate the LCA matrix in the second step using the set of leaves below each
node.) The annotation of edges in t and T as shared or unique, and the calculation of the
set A, can then be computed in O(n2) time as follows. Given an edge e ∈ E(T ), we note the
bipartition defined by e as X|Y , where X is the set of leaves below e in the rooted version
of T . We then let u denote the LCA of X in t, which we compute in O(n) time (using O(n)
LCA queries of pairs of vertices, including internal nodes, each of which uses O(1) time since
we already have the LCA matrix). Once we identify u, we note the edge e′ above u in t. It
is easy to see that e is a shared edge if and only if e and e′ induce the same bipartition on
R, and furthermore this holds if and only if nu = |X|. Hence, we can determine if e is a
shared edge, and also its paired edge e′ in t, in O(n) time. Each edge in T is processed in
O(n) time, and hence the preprocessing stage can be completed in O(n2) time.
After the preprocessing, the second stage inserts the leaves from S \ R into t using
AddLeaf, and each time we add a leaf into t we have to update the set of edges of t (since
it grows through the addition of the new leaf) and the set A. Recall that when we add
s ∈ S \ R into t, we begin by rooting T at s, and then follow a path towards the leaves
until we find a first shared edge; this first shared edge may be the edge incident with s in
T or may be some other edge, and we let e denote the first shared edge we find. We then
use the set A to identify the edge e′ ∈ E(t) that is paired with e. We subdivide e′ and
make s adjacent to the newly created node. We then update A, the set of bipartitions for
each tree, and the annotations of the edges of t and T as shared or unique. By Lemma 3.3,
AddLeaf preserves all existing shared edges other than the edge the new leaf x is placed
on, and these specific edges in E can each be updated in O(1) time. Furthermore, OCTAL
places x on a shared edge, bifurcating it to create two new edges. Thus, just two edges need
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to be checked for being shared, which again can be done in O(n) as claimed. Thus, adding
s to t and updating all the data structures can be completed in O(n) time. Since there are
at most n leaves to add, the second stage can be completed in O(n2) time. Hence, OCTAL
runs in O(n2) time, since both stages take O(n2) time. QED.
3.4 EVALUATION AND RESULTS
3.4.1 Evaluation Overview
We compared OCTAL to the heuristic used in ASTRAL-II [70] for completing incomplete
gene trees (see [129] for description), noting however that the ASTRAL-II technique is used
to expand the search space explored by ASTRAL-II and does not explicitly attempt to
minimize the distance to a reference tree. We used simulated datasets generated for [70]
that have heterogeneity between gene trees and species trees due to ILS. To evaluate the
accuracy of completed trees, we use three criteria: the normalized RF distance, normalized
quartet distance, and the matching distance (see below for details).
We performed three sets of experiments:
• The first set of experiments evaluated the relative and absolute performance of ASTRAL-
II and OCTAL for three levels of ILS (moderate, high, and very high) under these three
evaluation criteria. The impact of the amount of missing data and gene tree estimation
error was also examined.
• The second set of experiments evaluated the impact of the number of genes on the
performance of ASTRAL-II and OCTAL. We restricted these experiments to two levels
of ILS (moderate and high) and one evaluation criterion (normalized RF distance).
• The third set of experiments evaluated the impact of changing the reference tree on
OCTAL. We again restricted these experiments to two levels of ILS (moderate and
high) and one evaluation criterion (normalized RF distance).
3.4.2 Simulated datasets
The datasets used in this simulation study were originally generated for the ASTRAL-II
study [70] and then modified for the purpose of this study. The full details of the protocol
are described in [70], and briefly summarized here.
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ASTRAL-II datasets. SimPhy [130] was used to simulate a collection of model species
trees and, for each species tree, a collection of gene trees (with branch lengths deviating
from a molecular clock) under the multi-species coalescent (MSC) model with varying levels
of ILS. We refer to these simulated trees as the true gene trees and true species trees. Under
this protocol, the true gene trees contain all the species, and the only cause for discordance
between the true gene trees and the true species tree is ILS. For each individual true gene
tree, INDELible [131] was used to simulate DNA sequences under the GTR+Γ model of
evolution without insertions or deletions. The numeric model parameters varied across the
gene trees and were determined by drawing from a distribution based on biological datasets.
There are 50 replicate datasets per model condition.
Our modifications. We restricted the datasets examined in this study, by using only
26 species (one outgroup and 25 out of 200 ingroup taxa) and 200 out of 1000 genes. We
examined 20 out of 50 replicate datasets for three model conditions: moderate ILS, high
ILS, and very high ILS. We characterize the levels of ILS by the average normalized RF
distance, referred to as “AD”, between the true gene trees and the true species tree, calcu-
lated using Dendropy v4.2.0 [132]. Across all replicate datasets, the average AD was 10%
for the moderate ILS condition, 36% for the high ILS condition, and 75% for the very high
ILS condition.
We modified all datasets to ensure that some genes were incomplete, as follows. In each
replicate (containing 200 genes), 150 genes were randomly selected to be missing data. In
order to determine the number of taxa to be deleted from each gene, we noted the number of
taxa in each non-trivial clade in the species tree; this produced a multi-set of numbers that
vary between 2 and 20. Then for those genes that were selected to have taxa deleted, we
selected a number n from the multi-set uniformly at random and selected n taxa to be deleted
from the gene at random. This produced a set of 150 incomplete gene trees that on average
were missing approximately 60% of the species. The estimated gene trees were computed
using RAxML v8.2.8 [133] under the GTR+Γ model from the resulting alignments (i.e., all
the sequences for the complete gene trees, and a subset of the sequences for the incomplete
gene trees). This produced a set of 200 estimated gene trees (150 of which were incomplete)
for every model condition and replicate dataset.
3.4.3 Gene tree completion
We used two techniques to complete the incomplete gene trees: the heuristic in ASTRAL-
II and OCTAL. For the first set of experiments, ASTRID v1.4 was used to create reference
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trees for OCTAL. Both OCTAL and ASTRAL-II were run 9,000 times (150 incomplete gene
trees in each of 20 replicates for three ILS levels).
As the amount of available data could potentially impact the quality of the reference
tree used in OCTAL as well as the distance matrix computed by ASTRAL-II, we reduced
the number of genes in the second set of experiments. In particular, we restricted the
original 200-gene datasets to 25, 50, and 100 genes of which 5, 10, and 25 of these genes
were complete, respectively; we also only explored the moderate and high ILS conditions,
as these are closer to biological datasets. ASTRID v1.4 was again used to create reference
trees for OCTAL, and both OCTAL and ASTRAL-II were run an additional 5,400 times.
Finally, in the third set of experiments, we directly evaluated the choice of reference tree
on OCTAL by using the true species tree, the ASTRID v1.4 [71] tree, a greedy consensus
tree, or a random tree drawn from a uniform distribution. Note that the ASTRID tree
was computed on the full set of estimated gene trees (both incomplete and complete), while
the greedy consensus tree was computed on the subset of estimated gene trees that were
complete. For this final set of experiments, OCTAL was run an additional 18,000 times.
3.4.4 Evaluation criteria
We report error rates only for gene trees that were completed by ASTRAL-II or OCTAL,
and we examined three different error metrics: normalized RF distance, normalized quartet
distance, and matching distance. The normalized distances produce values that range from 0
to 1; all three distances return 0 only for those pairs of trees that are topologically identical,
and so, low scores are better than large scores. The normalized RF distance between the
completed estimated gene trees and the true gene trees was computed using Dendropy v4.2.0.
This produces a value between 0 and 1, where 0 indicates that the completed estimated gene
tree exactly matches the true gene tree, and 1 indicates that the two trees have no common
bipartitions. The quartet distance between two trees on the same leaf set considers the
quartet topologies induced by restricting each tree to all sets of four leaves (i.e. n choose
four combinations, where n is the number of leaves). The quartet distance is then defined
as the number of quartets that induce different topologies in the two trees. The matching
distance between two trees on the same leaf set is the weight of a minimum weight perfect
matching of their bipartitions, where each edge in the matching is weighted by the number
of leaves that must be moved in order to transform one bipartition into its paired bipartition
in the other tree [17].
We used one-sided paired Wilcoxon Signed-Rank tests [134] to determine whether using
OCTAL (with the ASTRID tree) was significantly better than ASTRAL-II on each replicate
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dataset. As 20 replicate datasets were tested per model condition, a Bonferroni multiple
comparison correction [135] was applied (i.e., p-values indicating significance must be less
than 0.0025).
3.4.5 Commands
• Maximum likelihood gene trees were estimated using RAxML v8.2.8 (where input is
the multiple sequence alignment for a given gene):
raxmlHPC-SSE -m GTRGAMMA -p [seed] -n [name] -s [input]
• The random trees were created as follows. A star tree was created from the complete
taxon set (i.e., the taxa in the complete trees). This star tree was then randomly
resolved into a binary tree so that “the polytomy will be resolved by sequentially...
generating all tree topologies equiprobably” [136]. Specifically, the random tree was
generated using Dendropy v4.2.0: from dendropy.simulate import treesim
from dendropy.utility import GLOBAL RNG
star tree = treesim.star tree(original taxon namespace)
star tree.resolve polytomies(limit=2, rng=GLOBAL RNG)
• The greedy consensus trees were computed using Bali-Phy v2.3.8 [137], where the input
is the set of 50 complete RAxML trees (i.e., trees on the full taxon set):
trees-consensus --greedy-consensus [input] [output]
• The command for ASTRID v1.4 (input is the full set of 200 RAxML trees):
ASTRID-linux -i [input] -o [output]
• The command for ASTRAL v4.10.2 (input is the full set of 200 RAxML trees): java
-jar astral.4.10.12.jar -i [input] -o [output]
• The normalized RF distances were computed using Dendropy v4.2.0:
ne1 = len(tr1.internal edges(exclude seed edge=True))
ne2 = len(tr2.internal edges(exclude seed edge=True))
[fp, fn] = false positives and negatives(tr1, tr2)
rf = float(fp + fn) / (ne1 + ne2)





• The matching distances were computed using code provided by the authors from [17],
and now available at [139]:
./matching distance tr1 tr2 numberofleaves
3.4.6 Experiment 1 Results: Performance of OCTAL and ASTRAL-II under 3 ILS levels
Results under moderate ILS levels. This experiment compared OCTAL (using ASTRID
as the reference tree) to ASTRAL-II when given 200 genes (150 incomplete and 50 complete)
under the moderate ILS level (AD=10%). The median RF error rate for ASTRAL-II was
17%, and the median RF error rate for OCTAL was 13% (Fig. 3.2). Using the RF error
rate, OCTAL had better accuracy than ASTRAL-II on 1,366 genes, ASTRAL-II had better
accuracy on 363 genes, and the methods were tied on the remaining 1,271 genes (Table 3.1).
The degree of improvement in RF rate varied, but was as great as 20% on some datasets.
The improvement obtained by using OCTAL over ASTRAL-II was statistically significant
in 18 out of 20 of the replicates with this evaluation metric (Fig. 3.3).
Both the matching distance and quartet distance produced similar trends to the RF
distance under the moderate ILS level. The median matching distance was 18 for ASTRAL-II
and 15 for OCTAL (Fig. 3.2) and the improvement obtained by using OCTAL over ASTRAL-
II was statistically significant in 19 out of 20 of the replicates. The median normalized
quartet distance was 7% for ASTRAL-II and 6% for OCTAL (Fig. 3.2) and the improvement
obtained by using OCTAL over ASTRAL-II was statistically significant in 18 out of 20 of
the replicates.
The degrees of missing data and gene tree error did not impact whether OCTAL improved
over ASTRAL-II under any of the evaluation metrics. We show our results for missing data
with the RF error rate in Figure 3.4. Additional results for missing data with the matching
distance and quartet distance show the same trend. Under very high levels of gene tree
estimation error, there was a greater degree of improvement of OCTAL over ASTRAL-II
with the RF error rate (Fig. 3.5). Additional results for gene tree error with the matching
distance and quartet distance show a similar, though less pronounced, trend.
Results under high ILS. This experiment compared OCTAL (using ASTRID as the
reference tree) to ASTRAL-II when given 200 genes (150 incomplete and 50 complete)
under the high ILS level (AD=36%). OCTAL and ASTRAL-II achieved similar levels of
accuracy under the high ILS condition, with both methods having a median RF error rate
of 39% (Fig. 3.2). OCTAL was more accurate than ASTRAL-II on 1,004 genes, ASTRAL-II
was more accurate on 524 genes, and the methods were tied on the remaining 1,472 genes
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(Table 3.1). OCTAL provided a statistically significant advantage over ASTRAL-II in 7
of the 20 replicates, and the differences between the two methods were not statistically
significant on the remaining 13 replicates (Fig. 3.3).
Again, the matching distance and quartet distance produced similar trends to the RF dis-
tance. The median matching distance was 41 for ASTRAL-II and 38 for OCTAL (Fig. 3.2),
and the improvement obtained by using OCTAL over ASTRAL-II with respect to the match-
ing distance was statistically significant in 10 out of 20 of the replicates. The median nor-
malized quartet distance was 24% for ASTRAL-II and 23% for OCTAL (Fig. 3.2), and the
improvement in quartet distance obtained by using OCTAL over ASTRAL-II was statisti-
cally significant in 5 out of 20 of the replicates.
Whether OCTAL or ASTRAL-II performed best appeared unrelated to the degree of
missing data or gene tree estimation error under all evaluation criteria that we considered.
The impact of missing data and the impact of gene tree estimation error on the RF error rate
are shown in Figures 3.4 and 3.5, respectively. Matching distance and the quartet distance
showed similar results.
Results under very high ILS. This experiment compared OCTAL (using ASTRID as
the reference tree) to ASTRAL-II when given 200 genes (150 incomplete and 50 complete)
under the very high ILS level (AD=75%). Using the RF error rate, OCTAL and ASTRAL-
II achieved similar levels of accuracy, with both methods having a substantially increased
median RF error rate of 78% (Fig. 3.2). OCTAL was more accurate than ASTRAL-II on
906 genes, ASTRAL-II was more accurate on 520 genes, and the methods were tied on the
remaining 1,574 genes. OCTAL provided a statistically significant advantage over ASTRAL-
II with the RF error rate in only 6 of the 20 replicates (Fig. 3.3).
In this case, the median matching distance was 77 for ASTRAL-II and 75 for OCTAL
(Fig. 3.2), and the improvement obtained by using OCTAL over ASTRAL-II was statisti-
cally significant in 8 out of 20 of the replicates using the matching distance. The median
normalized quartet distance was 51% for ASTRAL-II and 50% for OCTAL (Fig. 3.2) and
the improvement in quartet distance obtained by using OCTAL over ASTRAL-II was sta-
tistically significant in 2 out of 20 of the replicates.
As we observed for the other ILS conditions, whether OCTAL or ASTRAL-II performed
best appears unrelated to the degree of missing data or gene tree estimation error with
respect to all evaluation criteria we considered. For the impact on RF error rate, Figure
3.4 shows results for missing data and Figure 3.5 shows results for gene tree error. The
remaining results for the matching distance and the quartet distance showed a similar trend.
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3.4.7 Experiment 2 Results: Impact of the number of genes on ASTRAL-II and OCTAL
As the number of genes determines the amount of data to be used in constructing a
reference tree (required by OCTAL) and a distance matrix (required by ASTRAL-II), we
varied the number of genes to see if this would impact the performance of OCTAL (using
ASTRID as the reference tree) or ASTRAL-II under the moderate and high ILS conditions.
Specifically, we examined subsets of the original 200-gene datasets with 25, 50, and 100
genes, of which 5, 10, and 25 were complete, respectively. As seen in Figure 3.6, under
moderate ILS (AD=10%), ASTRAL-II had a median RF error rate of 22% (for 25 and 50
genes) and 17% (for 100 and 200 genes), whereas OCTAL had a median RF error rate of
17% (for 25, 50, and 100 genes) and 13% (for 200 genes). Hence, OCTAL was generally
more accurate (as measured by the RF error rate) than ASTRAL-II under the moderate ILS
condition. The relative improvement of OCTAL over ASTRAL-II per gene tree was 7%±4%
(mean ± standard deviation) (i.e., 1-2 bipartitions) for all numbers of genes; however, the
number of cases for which OCTAL improved over ASTRAL-II varied with the number of
genes (see Table 3.2).
Results under high ILS (AD=36%) show somewhat different trends. ASTRAL-II had a
median RF error rate of 48% for 25 genes, 44% for 50 genes, and 39% for 100 and 200 genes.
OCTAL had lower median error rates at 25 (44% and 39%, respectively) but matched the
median error rates of ASTRAL-II at 100 and 200 genes. However, OCTAL and ASTRAL-II
have clearly different distributions for 200 genes (Figs. 3.2 and 3.6), so that even though
the medians are the same OCTAL seems to provide a slight advantage over ASTRAL-II.
Thus, on the high ILS datasets, OCTAL provided an improvement over ASTRAL-II, and
the relative improvement per gene tree was similar to performance under the moderate ILS
level (7-8% on average); however, there were fewer genes for which OCTAL improved over
ASTRAL-II (see Table 3.2).
3.4.8 Experiment 3 Results: Impact of the reference tree on the performance of OCTAL
Our final experiment examined the impact of reference tree on OCTAL on the 200-gene
datasets with moderate and high levels of ILS, using the RF error rate as the evaluation
criterion. We considered four reference trees: 1) the true species tree, 2) the ASTRID
species tree computed on the all gene trees (50 complete and 150 incomplete), 3) the greedy
consensus tree computed on the 50 complete gene trees, and 4) a random tree on the same
set of species. The greedy consensus tree, also known as the extended majority consensus
tree, is obtained by ordering the bipartitions from the input set of trees according to their
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frequency, and then adding them one-by one-to a growing set of bipartitions if they are
compatible with the set.
The ASTRID and greedy consensus trees had low species tree RF error (at most 9% RF)
under the moderate ILS condition and somewhat higher species tree error (at most 22%
RF) when the level of ILS was high. We found that there was little difference (less than 1%
in median gene tree RF error) between using ASTRID, a greedy consensus of the complete
gene trees, and even the true species tree, as the reference tree (Fig. 3.7). However, using a
random tree as the reference tree produced extremely high RF error rates for the completed
trees, which is as expected as the random species tree had extremely high error: between
96% and 100% RF for each replicate.
3.5 DISCUSSION
OCTAL is a greedy polynomial time algorithm that adds species into an estimated gene
tree so as to provably minimize the RF distance to a given reference tree. In our study,
OCTAL frequently produced more accurate completed gene trees than ASTRAL-II under
ILS conditions ranging from moderate to very high; however, the improvement under high
ILS conditions was much lower and less frequent than under moderate ILS conditions. This
trend does not appear to be sensitive to the distance measure used to evaluate the accuracy
of the completed gene trees. We offer the following as a hypothesis for the reason for this
trend. Under low to moderate ILS, the true species tree is close to the true gene tree, and the
estimated species trees (computed using ASTRID or the greedy consensus) are reasonably
close to the true species tree; by the triangle inequality, the estimated species tree is close
to the true gene trees. Therefore, when ILS is at most moderate, completing the estimated
gene trees using the estimated species tree as a reference can be beneficial. However, under
higher ILS, the true species tree is farther from the true gene trees, which makes the true
species tree (or an estimate of that tree) less valuable as a reference tree.
We also saw that using estimated species trees as reference trees produced comparably
accurate completions as using the true species tree as a reference, and that this held for
both moderate and high ILS levels. In particular, using several techniques to produce the
reference tree from the gene trees, including even a greedy consensus tree, produced reference
trees that were as good as the true species tree in terms of the impact on the accuracy of the
completed gene tree. However, a random tree produced very poor results. Hence, OCTAL
was robust to moderate levels of error in the estimated species tree. However, OCTAL is not
completely agnostic to the choice of reference tree, since the random reference tree (which
has close to 100% RF error) resulted in very poor performance. We note that since the
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completion of this work, an algorithm [53] with a better running time was developed for
solving the RF-OTC introduced here.
There are many directions for future work. First, we compared OCTAL to ASTRAL-II,
but ASTRAL-III [140] has recently been developed, and the comparison should be made
to this new version of ASTRAL. OCTAL could also be compared to gene tree completion
methods that are designed to handle gene tree heterogeneity resulting from gene duplication
and loss [141], and these comparisons could be made on datasets that have evolved under
multiple causes of gene tree discord (e.g., GDL, HGT, and ILS).
The optimal completion problem or the accuracy of the completed gene trees could
also be based on other distances between trees besides the RF distance, including weighted
versions [142] of the RF distance (where the weights reflect branch lengths or bootstrap
support values), quartet tree distances, geodesic distances [143], or the matching distance.
It is likely that some of these problems will be NP-hard, but approximation algorithms or
heuristics may be useful in practice.
We did not evaluate the impact of using OCTAL on downstream analyses. Since missing
data (i.e., incomplete gene trees) are known to impact species tree estimation methods using
summary methods [128], this would be a natural next analysis. As an example, if the input
includes some incomplete gene trees, a species tree could be estimated from the full set of
gene trees, and OCTAL could use that estimated species tree as a reference tree to complete
the gene trees. Then, the species tree could be re-estimated using a summary method on
the new set of gene trees, all of which are complete. This two-step process (completing gene
trees using an estimated species tree, then re-estimating the species tree) could then iterate.
It would be interesting to determine whether this improves the species tree, and if so under
what conditions. It would also be helpful to evaluate the impact of completing incomplete
gene trees when the genes are missing due to true biological loss rather than data collection
issues, and hence also to see if OCTAL provides any helpful insight into gene evolution (such
as better estimating the duplication/loss/transfer parameters).
Finally, there can be multiple optima to the RF Optimal Tree Completion problem for any
given pair of trees, and exploring that set of optimal trees could be important. An interesting
theoretical question is whether the set of optimal solutions admits a compact representation,
even when it is large. From a practical perspective, the set of optimal completions could
be used to provide support values for the locations of the missing taxa, and these support
values could then be used in downstream analyses.
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Figure 3.2: The performance of OCTAL and ASTRAL-II across three levels of ILS
evaluated under three tree distance metrics. Each subfigure shows the performance
of OCTAL in red (using ASTRID as the reference tree) and ASTRAL-II in blue under one
of three distance metrics. Under each distance metric, a lower value indicates the estimated
completed tree is closer to the true gene tree. The median distance is reported above each
boxplot, and so the outliers are not shown. OCTAL shows the largest improvement over
ASTRAL-II under the moderate ILS condition in each case.
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Figure 3.3: The performance of OCTAL and ASTRAL-II across replicate datasets
with the RF distance evaluation criteria. Each subfigure shows the relative perfor-
mance of OCTAL (using ASTRID as the reference tree) and ASTRAL-II where RF distance
was used to compare the estimated completed gene trees to the true gene trees. The number
of gene trees for which OCTAL is better than ASTRAL-II is shown in red, the number of
gene trees for which ASTRAL-II is better is shown in blue, and the number of genes for
which OCTAL and ASTRAL-II are tied is shown in yellow. OCTAL has a statistically sig-
nificant improvement over ASTRAL-II (as measured by a one-sided Wilcoxon signed-rank
test; see main text for details) on replicate datasets with an asterisk (*).
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Figure 3.4: The impact of degree of missing data on relative performance of
OCTAL and ASTRAL-II under the RF distance evaluation criteria. The y-axis
shows the difference in the RF error rate between trees completed using OCTAL (using
ASTRID as the reference tree) and ASTRAL-II. Positive values indicate that OCTAL is
better than ASTRAL-II, and negative values indicate that ASTRAL-II is better. For many
genes, there is no difference in accuracy between OCTAL and ASTRAL-II. However, when
there is a difference between the two methods, OCTAL frequently outperforms ASTRAL-II.
This finding holds regardless of the degree of missing data. For each level of ILS, boxplots
include genes with a specified percent of missing data (e.g., red indicates genes are missing
0-20% of the species). The number N of genes in each plot is provided on the x-axis.
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Figure 3.5: The impact of gene tree estimation error on relative performance of
OCTAL and ASTRAL-II under the RF distance evaluation criteria. The y-axis
shows the difference in the RF error rate between trees completed using OCTAL (using
ASTRID as the reference tree) and ASTRAL-II. Positive values indicate that OCTAL is
better than ASTRAL-II, and negative values indicate that ASTRAL-II is better. For each
level of ILS, boxplots include genes with the specified percent of gene tree estimation error.
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Figure 3.6: The performance of OCTAL and ASTRAL-II for varying numbers of
genes under the RF distance evaluation criteria. The x-axis shows the number of
genes varying from 25 to 200. The y-axis shows the RF error rate between the true gene
trees and the gene trees completed using OCTAL with the ASTRID reference tree (red) or
ASTRAL-II (blue). The number of data points per boxplot varies with the number of genes.
For example, the 25-genes model condition has 400 data points per boxplot (20 incomplete
genes across 20 replicates), whereas the 200-gene model condition has 3,000 data points per
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Figure 3.7: Impact of reference tree on OCTAL with the RF distance evaluation
metric. The x-axis shows the reference tree used by OCTAL. The y-axis shows the RF
error rate between the true gene trees and the gene trees computing using OCTAL (varying
the reference tree). Only the 200-gene model condition is shown, so each boxplot has 3,000
data points (150 incomplete genes across 20 replicates).
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Table 3.1: The number of gene trees for which OCTAL provided an improvement over
ASTRAL-II, for which ASTRAL-II provided an improvement of OCTAL, and for which
there was no difference between the two methods is provided below for three levels of ILS
and three evaluation distance criteria. The RF, matching, and quartet distances are used
for evaluating the distance between the completed, estimated trees and the true gene trees.
Numbers in bold indicate the largest number of genes. OCTAL improves more genes than
ASTRAL-II except in the higher ILS conditions with the RF distance criteria, in which case
OCTAL and ASTRAL-II are more often equal in their performance.
Error Metric OCTAL better ASTRAL-II better No difference
Moderate ILS (AD=10%)
RF 1366 363 1271
Matching 1666 522 812
Quartet 1540 594 866
High ILS (AD=35%)
RF 1004 524 1472
Matching 1501 920 579
Quartet 1473 1092 435
Very high ILS (AD=75%)
RF 906 520 1574
Matching 1643 1143 214
Quartet 1552 1371 77
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Table 3.2: The number of gene trees for which OCTAL provided an improvement over
ASTRAL-II, for which ASTRAL-II provided an improvement of OCTAL, and for which
there was no difference between the two methods is provided below for two levels of ILS and
four numbers of genes. The RF error rate is used for evaluating the distance between the
completed, estimated trees and the true gene trees. Numbers in bold indicate the largest
number of genes. OCTAL improves more genes than ASTRAL-II except when the level of
ILS is high and the number of genes is 200, in which case OCTAL and ASTRAL-II are more
often equal in their performance.
Number of genes OCTAL better ASTRAL-II better No difference
Moderate ILS (AD=10%)
25 genes 177 62 161
50 genes 420 116 262
100 genes 685 188 627
200 genes 1366 363 1271
High ILS (AD=35%)
25 genes 228 79 93
50 genes 398 119 283
100 genes 624 265 611
200 genes 1004 524 1472
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CHAPTER 4: CORRECTING UNRESOLVED BRANCHES IN GENE
TREES USING A REFERENCE TREE WITH TRACTION
In the previous chapter, we looked at how a reference tree could be used to improve gene
trees afflicted with missing data. Here, we build upon this approach by using a reference
tree to not only add missing species, but also correct gene trees with low-support branches.
Figures and tables appear at the end of this chapter in Section 4.6.
4.1 INTRODUCTION
While species tree estimation techniques can exploit information encoded across the en-
tire genome, gene tree estimation based on a single locus may not contain enough signal
to determine the correct gene tree topology with high confidence [51]. Indeed, many phy-
logenomic datasets have gene trees with average branch support well below 75%, which is a
common lower bound for branches to be considered reliable. For example, the Avian Phy-
logenomic Project [146] reported average branch support values below 30%, and many other
studies have had similar challenges (surveyed in [128]). Estimating gene and species trees
is further complicated by biological processes such as GDL, ILS, and HGT, which create
heterogeneous tree topologies across the genome [10] and prevent the naive adoption of one
tree topology.
In cases where estimated gene trees have high uncertainty, the work in the previous
chapter suggests that we may be able to improve these gene trees using a reference tree.
Approaches from the GDL literature have previously worked on closely related problems
as they are interested in gene and species tree reconciliation for the purposes of identifying
orthologs, dating duplication events, and finding sites of adaptation [147]. It was from this
line of work that improving uncertain branches in gene trees to be more consistent with the
species tree then emerged organically under GDL-aware models of evolution. As introduced
in Chapter 2, gene tree correction methods [54, 55, 61], which only rely on the topologies
of gene and species trees, as well as integrative methods [51, 52, 53], which also incorporate
sequence data, have been successful at correcting and reconciling gene trees. So far, the
methods that have been developed are based on parametric models of gene evolution under
This chapter contains material previously presented at the 2019 Workshop on Algorithms in Bioin-
formatics [144] and later published in Algorithms for Molecular Biology under the title “Non-parametric
correction of estimated gene trees using TRACTION” [145]. This work was done in conjunction with E.K.
Molloy, P. Vachaspati, A. Yammanuru, and T. Warnow; TW conceived the project; SC, PV designed and
implemented the algorithm; SC, EKM, PV, AY, TW established theory; SC, AY, TW wrote proofs; SC, PV,
EKM performed experiments; SC, EKM, AY produced the figures; SC, EKM, PV, AY, TW contributed to
the writing of this chapter.
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GDL. These parameterized models may not generalize and have not been tested in other
contexts in which gene and species tree discord is driven by other biological phenomena.
Here, we examine gene tree correction where gene tree heterogeneity is due to ILS or
HGT, and where each gene tree has at most one copy of each species. We present a new
approach to gene tree correction that is based on a very simple non-parametric polynomial-
time method, the Tree Refinement And CompleTION (TRACTION) algorithm. In addition
to correcting gene trees, TRACTION is also capable of completing gene trees that do not
contain all the species present in the reference species tree, a condition that may occur in a
multi-locus study when not all genomes have been sequenced and assembled.
The input to TRACTION is a pair (t, T ) of unrooted, singly-labeled phylogenetic trees.
The leaf set of t is a subset of the leaf set of T , tree T is binary, and tree t will generally
be non-binary. We seek a tree T ′ created by refining t and adding any missing leaves so
that T ′ has the minimum Robinson-Foulds (RF) [11] distance to T (see Def. 2.1). We call
this the RF-Optimal Tree Refinement and Completion Problem (RF-OTRC) and show that
TRACTION finds an optimal solution to RF-OTRC in O(n1.5 log n) time, where n is the
number of leaves in the species tree T . We also explore an extension of this problem statement
to handle multi-labeled genes by using a generalization of the RF distance proposed in [148].
To use TRACTION for gene tree correction in practice, we assume we are given an
estimated gene tree with branch support values and an estimated (or known) binary species
tree, which may have additional species. The low support branches in the gene tree are
collapsed, forming the (unresolved) tree t. TRACTION first refines the input gene tree t
into a binary tree t′, and then it adds the missing species to t′ using OCTAL from Chapter 3.
Although the algorithm is quite simple, the proof of correctness is non-trivial.
We present the results of an extensive simulation study on 68,000 gene trees in which
gene tree heterogeneity is either due to only ILS or to both ILS and HGT. We explore
TRACTION for gene tree correction with estimated species trees in comparison to GDL
correction methods, including Notung [54, 55], ecceTERA [61], ProfileNJ [51], TreeFix [52],
and TreeFix-DTL [53]. Many methods, including TRACTION, tie for best on the ILS-
only data, but TRACTION dominates the other gene tree correction methods with respect
to topological accuracy on the HGT+ILS data, while also tying for fastest. Importantly,
TRACTION provides good accuracy even when the estimated species tree is far from the
true gene tree. The simplicity of the approach and its good accuracy under a range of model
conditions indicate that non-parametric approaches to gene tree correction may be promising
and encourages future research.
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4.2 PROBLEM STATEMENT
We now turn our attention to the optimization problem of interest to this paper. This
section is limited to the context of singly-labeled trees, and we hold off the extension to
MUL-trees until a later section.
Problem 4.1 (Optimal Tree Refinement and Completion (RF-OTRC)). Given an
unrooted, singly-labeled, binary tree T on leaf set S and an unrooted, singly-labeled tree t
on R ⊆ S output an unrooted, singly-labeled, binary tree T ′ on S with two key properties:
(1) T ′ contains all the leaves of S and is compatible with t (i.e., T ′|R is a refinement of t),
and (2) T ′ minimizes the RF distance to T among all binary trees satisfying condition (1).
If the trees t and T have the same set of taxa, then the RF-OTRC problem becomes the
RF-OTR (RF-Optimal Tree Refinement) problem. If t is already binary but can be missing
taxa, then the RF-OTRC problem becomes the RF-OTC (RF-Optimal Tree Completion)
problem (introduced above in Problem 3.1). OCTAL [118], presented in Algorithm 3.1,
solves the RF-OTC problem in O(n2) time, and an improved approach presented by Bansal
[149] solves the RF-OTC problem in linear time. We refer to this faster approach as Bansal’s
algorithm. In this paper we present an algorithm that solves the RF-OTR problem exactly
in polynomial time and show that the combination of this algorithm with Bansal’s algorithm
solves the RF-OTRC problem exactly in O(n1.5 log n) time, where T has n leaves. We refer
to the two steps together as TRACTION.
4.3 METHODS
The input to TRACTION is a pair of unrooted, singly-labeled trees (t, T ), where t is the
estimated gene tree on set R of species and T is the binary reference tree on S, with R ⊆ S.
We note that t may not be binary (e.g., if low support edges have already been collapsed)
and may be missing species (i.e., R ⊂ S is possible).
Step 1: Refine t to produce a binary tree t∗ maximizing shared bipartitions with T .
Step 2: Add the missing species from T into t∗, minimizing the RF distance.
Step 1: Greedy Refinement of t. To compute t∗, we first refine t by adding all bipar-
titions from T |R that are compatible with t; this produces a unique tree t′. If t′ is not fully
resolved, then there are multiple optimal solutions to the RF-OTR problem, as we will later
prove. The algorithm selects one of these optimal solution as follows. First, we add edges
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from t that were previously collapsed (if such edges are available). Next, we randomly refine
the tree until we obtain a fully resolved refinement, t∗. Note that if t′ is not binary, then t∗
is not unique. We now show that the first step of TRACTION solves the RF-OTR problem.
Theorem 4.1. Let T be an unrooted, singly-labeled tree on leaf set S, and let t be an
unrooted, singly-labeled tree on R ⊆ S. A fully resolved (i.e. binary) refinement of t
minimizes the RF distance to T |R if and only if it includes all compatible bipartitions from
T |R.
Proof. Let C0 denote the set of bipartitions in T |R that are compatible with t. By the
theoretical properties of compatible bipartitions, this means the set C0∪C(t) is a compatible
set of bipartitions that define a unique tree t′ where C(t′) = C0 ∪ C(t) (since the trees are
singly-labeled). We now prove that for any binary tree B refining t, B minimizes the RF
distance to T |R if and only if B refines t′.
Consider a sequence of trees t = t0, t1, t2, . . . , tk, each on leaf set R, where ti is obtained
from ti−1 by adding one edge to ti−1, and thus adds one bipartition to C(ti−1). Let δi =
RF (ti, T |R) − RF (ti−1, T |R), so that δi indicates the change in RF distance produced by
adding a specific edge to ti−1 to get ti. Hence,




A new bipartition πi added to C(ti−1) is in C(T |R) if and only if πi ∈ C0. If this is the case,
then the RF distance will decrease by one (i.e., δi = −1). Otherwise, πi 6∈ C0, and the RF
distance to T |R will increase by one (i.e., δi = 1).
Now suppose B is a binary refinement of t. We can write the bipartitions in C(B) \C(t)
into two sets, X and Y , where X are bipartitions in C0 and Y are bipartitions not in C0. By
the argument just provided, it follows that RF (B, T |R) = RF (t, T |R)−|X|+ |Y |. Note that
|X ∪ Y | must be the same for all binary refinements of t, because all binary refinements of
t have the same number of edges. Thus, RF (B, T |R) is minimized when |X| is maximized,
so B minimizes the RF distance to T |R if and only if C(B) contains all the bipartitions in
C0. In other words, RF (B, T |R) is minimized if and only if B refines t′. QED.
Corollary 4.1. TRACTION finds an optimal solution to the RF-OTR problem.
Proof. Given input gene tree t and reference tree T on the same leaf set, TRACTION
produces a tree t′′ that refines t and contains every bipartition in T compatible with t; hence
by Theorem 4.1, TRACTION solves the RF-OTR problem. QED.
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Step 2: Adding in missing species. The second step of TRACTION can be performed
using OCTAL or Bansal’s algorithm, each of which finds an optimal solution to the RF-OTC
problem in polynomial time. Indeed, we show that any method that optimally solves the
RF-OTC problem can be used as an intermediate step to solve the RF-OTRC problem.
To prove this, we first restate several prior theoretical results [118]. Lemma 3.2 and
Lemma 3.5 together imply that the minimum achievable RF distance between T and T ′ is
given by:
RF (T, T ′) = RF (T |R, t) + 2m (4.2)
where m is the number of Type II superleaves in T relative to t, which we defined above
(see Definitions 3.2 and 3.3). Furthermore, recall that Theorem 3.1, which states that given
unrooted, singly-labeled binary trees t and T with the leaf set of t a subset of the leaf set
S of T , OCTAL(T, t) solves the RF-OTC problem and runs in O(n2) time, where T has n
leaves.
4.3.1 Proof of correctness for TRACTION
Lemma 4.1. Let T be an unrooted, singly-labeled, binary tree on leaf set S with |S| = n,
and let t be an unrooted, singly-labeled tree on leaf set R ⊆ S. TRACTION returns a binary
unrooted tree T ′ on leaf set S such that RF (T ′, T ) is minimized subject to T ′|R refining t.
Proof. By construction TRACTION outputs a tree T ′ that, when restricted to the leaf set of
t, is a refinement of t. Hence, it is clear that T ′|R refines t. Now, it is only necessary to prove
that RF(T ′, T ) is minimized by TRACTION. Since the intermediate tree t∗ produced in the
first step of TRACTION is binary, Theorem 3.1 gives that TRACTION using OCTAL (or
any method exactly solving the RF-OTC problem) will add leaves to t∗ in such a way as to
minimize the RF distance to T ; hence it suffices to show that t∗ computed by TRACTION
has the smallest RF distance to T among all binary refinements of t.
As given in Equation 4.2, the optimal RF distance between T ′ and T is the sum of
two terms: (1) RF(t∗, T |R) and (2) the number of Type II superleaves in T relative to t∗.
Theorem 4.1 shows that TRACTION produces a refinement t∗ that minimizes the first term.
All that remains to be shown is that t∗ is a binary refinement of t minimizing the number
of Type II superleaves in T relative to t∗.
Consider a superleaf X in T with respect to t. If t were already binary, then every
superleaf X is either a Type I or a Type II superleaf. Also, note that every Type I superleaf
in T with respect to t will be a Type I superleaf for any refinement of t. However, when t is
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not binary, it is possible for a superleaf X in T to be a Type II superleaf with respect to t but
a Type I superleaf with respect to a refinement of t. This happens when the refinement of t
introduces a new shared edge with T to which the superleaf X is attached in T . Notice that
since the set of all possible shared edges that could be created by refining t is compatible, any
refinement that maximizes the number of shared edges with T also minimizes the number
of Type II superleaves. Theorem 4.1 shows that TRACTION produces such a refinement t∗
of t. Thus, TRACTION finds a binary unrooted tree T ′ on leaf set S such that RF(T ′, T )
is minimized subject to the requirement that T ′|R refine t. QED.
Theorem 4.2. TRACTION solves the RF-OTRC problem and runs in O(n1.5 log n) time if
used with Bansal’s algorithm and O(n2) time if used with OCTAL, where n is the number
of leaves in the input.
Proof. The above lemma shows that TRACTION solves the RF-OTRC problem. Let t, T ,
S, and R be as defined in the RF-OTRC problem statement. What remains to be shown is
a running time analysis for the first stage of TRACTION (refining t). We claim this step
takes O(|S|+ |R|1.5 log(|R|)) time.
Constructing T |R takes O(|S|) time. Checking compatibility of a single bipartition with a
tree on K leaves, and then adding the bipartition to the tree if compatible, can be performed
in only O(|K|0.5 log(|K|)) after a fast preprocessing step (see Lemmas 3 and 4 from [150]).
Hence, determining the set of edges of T |R that are compatible with t takes only O(|S| +
|R|1.5 log(|R|)) time. Therefore, the first stage of TRACTION takes O(|S|+ |R|1.5 log(|R|))
time. Hence, if used with OCTAL, TRACTION takes O(|S|2) time and if used with Bansal’s
algorithm TRACTION takes O(|S|1.5 log |S|) time. QED.
4.3.2 Extending TRACTION to MUL-trees
Up to this point, we have formulated gene tree correction problems only in the context
where the input trees are each singly-labeled (i.e., have at most one leaf for each species).
However, in the context of GDL, a gene tree may have multiple copies of a species at its
leaves (i.e., it can be a “MUL-tree”). We now generalize the RF-OTR problem to allow the
input unresolved tree t to be a MUL-tree (although we still require the species tree to be
singly-labeled). Note, we require both input trees to be on the same leaf set (i.e., we do not
discuss a completion step) because, in the context of GDL, if a species is missing in the gene
tree, this can be attributed to true biological loss.
The RF distance between two MUL-trees is defined to be the minimum number of con-
tractions and refinements that suffice to transform one tree into the other, but computing
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this distance is NP-hard [148]. Also, the RF distance no longer translates to the number of
bipartitions present in one tree but not the other (and in particular, two MUL-trees can have
identical sets of bipartitions but not be isomorphic, as shown in [151]). To define the multi-
labeled analog of RF distance so that it corresponds to bipartition distances, we introduce
definitions and results from [151].
We represent a MUL-tree by a triplet T = (T, S, φ) where T is an unlabeled tree, S is a
set of labels, and φ is a surjective function mapping the leaves of T onto S. Note that in the
special case where φ is a bijection, then the MUL-tree is a singly-labeled phylogenetic tree.
Now let T1 = (T1, S, φ1) be a MUL-tree. Then, a full differentiation of the MUL-tree T1
is a singly-labeled tree T ∗1 = (T1, S∗, φ∗1) where φ∗1 is a bijection (Definition 7 in [151]). More
plainly, T ∗1 has the same topology as T1, but has unique leaf labels. Let T2 = (T2, S, φ2) be
another MUL-tree on set S with some full differentiation T ∗2 = (T2, S∗, φ∗2). T ∗1 and T ∗2 are
consistent full differentiations if, for each label ` ∈ S, the set of labels assigned to leaves in
T ∗1 that were labeled ` in T1 is identical to the set of labels assigned to leaves in T ∗2 that
were labeled ` in T2 (Definition 8 in [151]). Note that this requires T1 and T2 to have the
same number of copies of ` at the leaves. Theorem 3 from [151] establishes that the RF
distance between two MUL-trees T1 and T2 is equal to the minimum RF distance between
any mutually consistent full differentiations (MCFDs) of T1 and T2 into singly-labeled trees:
RF (T1, T2) = min{RF (T1, T2) : T1 and T2 are MCFDs of T1 and T2, resp.} (4.3)
We continue by introducing a generalization to RF distance proposed in [148] that allows
us to calculate a distance between a MUL-tree and a singly-labeled tree. Let T be a singly-
labeled tree on leaf set S and let R = (t, S, φ) be a MUL-tree on that same leaf set. The
extension of T with respect to R is the MUL-tree constructed from T by replacing each leaf
s in T by an internal node connecting to k leaves labeled with s, where k is the number
of copies of s in R. In [148], the authors define the RF distance between R and T to be
the RF distance between R and the extension of T . Note that this is now just the RF
distance between two MUL-trees with the same number of copies for each leaf, which is well-
defined under the classic RF definition. We now state the refinement problem generalized
to MUL-trees, using this definition of RF distance.
Problem 4.2 (RF Optimal Tree Refinement Problem for Mul-Trees). Given
a MUL-tree R = (t, S, φ) and an unrooted, binary singly-labeled tree T where S = L(T ),
output an unrooted binary tree R′ with two key properties: (1) R′ refines R, and (2) R′
minimizes the RF distance to T among all binary trees satisfying condition (1).
In general, computing the RF distance between two MUL-trees is NP-hard, but Theorem
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3 in [148] showed that the RF distance between a MUL-tree and an extended singly-labeled
tree is equal for all MCFDs. Thus, one can pick any MCFD of the MUL-tree and the
extended singly-labeled tree and apply the usual bipartition-based method for calculating
the RF distance in polynomial time.
Theorem 4.3. Let MUL-treeR = (t, S, φ) and singly-labeled tree T be an arbitrary instance
of the RF-OTR problem for MUL-trees. Let T be the extension of T with respect to R.
Then TRACTION run on any MCFD of R and T solves this RF-OTR problem exactly.
Proof. Any MCFD of the input MUL-tree and the extended singly-labeled tree result in
two singly-labeled trees, t∗ and T ∗ respectively, on the same leaf set. By Theorem 4.1,
Traction finds a refinement of t∗, which we call t′, that minimizes the RF distance to T ∗.
We can naturally map t′ back to a MUL-tree R′ = (t′, S, φ′) refining R by inverting the full
differentiation of the leaves. Note that this step of TRACTION and this proof of solving
the refinement problem optimally did not rely on the assumption that the reference tree is
binary (in general, T ∗ is not binary).
Using Theorem 3 from [148], R′ minimizes the RF distance to the extended singly-labeled
tree T out of all refinements of R. By the generalized definition of RF distance, R′ then also
minimizes the RF distance to the singly-labeled tree T out of all refinements of R, proving
the claim. QED.
Figure 4.1 provides example of a MUL-tree, an extended species tree, and TRACTION’s
solution to the RF-OTR problem for MUL-trees.
4.4 EVALUATION AND RESULTS
4.4.1 TRACTION under Gene Duplication and Loss: Case Study
There are model conditions under which TRACTION will not accurately modify an
input estimated gene tree, even when given the true species tree as the reference tree and
a collapsed version of the true gene tree. For example, if a duplication event takes place at
the root of a species tree, then genes of the same species will not be siblings in the true gene
tree. Hence, if TRACTION is given the true gene tree (i.e., MUL-tree), it will not be able to
add any bipartitions to it from the extended species tree, and will instead return a random
refinement (see Figure 4.2 a-c). For a second example, if a duplication event takes place
closer to the leaves, then genes of the same species appear somewhat close to each other in
the true gene tree. As a result, TRACTION may add edges in the wrong place, resulting in
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incorrect locations for duplications (see Figure 4.2 d-g). The key point to both cases is that
when TRACTION adds edges from the extended species tree, these imply duplications at the
leaves of the species tree, and the edges produced by random refinements of the MUL-tree
have low probability (i.e., never more than 1
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) of being in the true species tree.
4.4.2 TRACTION under ILS and HGT: Simulations
Overview. We evaluated TRACTION in comparison to two gene tree correction methods,
Notung [54, 55] and ecceTERA [61], as well as three integrative methods, profileNJ [51],
TreeFix [52], and TreeFix-DTL [53]. We tested each method on estimated gene trees under
two different model conditions (ILS-only and ILS+HGT), using estimated and true species
trees. In total, we analyzed 68,000 genes: 8,000 with 26 species under ILS-only models and
60,000 with 51 species under ILS+HGT models. All estimated gene trees that we correct in
these experiments were complete (i.e., not missing species). The motivation for this is two-
fold. First, the methods we benchmarked against do not provide an option for completing
gene trees with missing data. This is understandable since these methods were developed
for GDL, where missing species in a gene tree are interpreted as true loss events rather than
incomplete sampling. Second, an experimental evaluation of OCTAL, the algorithm that
performs the completion step of TRACTION, was previously performed in [118].
Datasets. All datasets used in this study are from prior studies [118, 152] and available
online. The datasets included singly-labeled genes with 26 or 51 species (each with a known
outgroup), and were generated under model conditions where true gene trees and true species
trees differed due to only ILS (datasets with 26 species had two levels of ILS) or due to both
ILS and HGT (datasets with 51 species had the same level of ILS but two different levels
of HGT). The true gene tree heterogeneity (GT-HET, the topological distance between true
species trees and true gene trees) ranged from 10% (for the ILS-only condition with moderate
ILS) to as high as 68% (for the ILS+HGT condition with high HGT). Each model condition
has 200 genes, and we explored multiple replicate datasets per model condition with different
sequence lengths per gene. See Table 4.1 for details.
Estimated gene trees and estimated reference species trees. For each gene, we
used RAxML v8.2.11 [133] under the GTRGAMMA model to produce maximum likelihood
gene trees, with branch support computed using bootstrapping. Because sequence lengths
varied, this produced estimated gene trees with different levels of gene tree estimation error
(GTEE) (defined to be the average RF distance between the true gene tree and the estimated
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gene tree), ranging from 32% to 63% as defined by the missing branch rate (see Table 4.1).
We estimated a species tree using ASTRID v1.4 [71] given the RAxML gene trees as input.
Because the true outgroup for all species trees and gene trees was known, we rooted the
species tree and all gene trees at the outgroup prior to performing gene tree correction.
The gene trees given as input to the different correction methods were computed as
follows. Each gene tree estimated by RAxML had branches annotated with its bootstrap
support, and we identified all the branches with bootstrap support less than a given thresh-
old. These branches with low support were then collapsed in the gene trees before being given
to TRACTION, Notung, and ProfileNJ. When we ran ecceTERA, we gave the binary gene
trees with the threshold value (i.e., minimum required bootstrap support value); ecceTERA
collapses all branches that have support less than the threshold value, and explores the set
of refinements. Thus, the protocol we followed ensured that ecceTERA, ProfileNJ, Notung,
and TRACTION all used the same set of collapsed gene trees. TreeFix and Treefix-DTL
used the uncollapsed gene trees. We ran all methods using a threshold value of 75% (the
standard threshold for low support). We additionally ran TRACTION and Notung using
collapse thresholds of 50%, 85%, and 90% on the ILS-only data.
Gene tree correction and integrative methods. The RAxML gene trees were cor-
rected using TRACTION v1.0, Notung v2.9, ecceTERA v1.2.4, ProfileNJ (as retrieved from
GitHub after the March 20, 2018 commit with ID 560b8b2) [51], TreeFix v1.1.10 (for the ILS-
only datasets), and TreeFix-DTL v1.0.2 (for the HGT+ILS datasets), each with a species
tree estimated using ASTRID v1.4 [71] as the reference tree rooted at the outgroup. The
integrative methods (TreeFix, TreeFix-DTL, and ProfileNJ) also required additional input
data related to the gene alignments, which we detail in the commands below. All estimated
gene trees were complete (i.e., there were no missing taxa), so TRACTION only refined the
estimated gene tree and did not add any taxa. We also explored using the true model species
tree as a reference tree for TRACTION and Notung on the ILS-only datasets.
Evaluation criteria. We used RF tree error, a standard criterion in performance studies,
to quantify error in estimated and corrected gene trees as compared to the known true gene
tree. Although we used RF distance within the OTR optimization criterion, in that context,
it refers to the distance between the corrected gene tree and the reference tree (which is an
estimated species tree); by contrast, the RF error rate in the evaluation criterion refers to the
distance between the corrected gene tree and the true gene tree. Since the reference trees
used in our experiments are typically very topologically different from the true gene tree (8%
RF distance for the moderate ILS condition, 33% for the high ILS condition, 54% to 68%
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for the ILS+HGT conditions, see Table 4.1), optimizing the RF distance to the reference
tree is quite different from optimizing the RF distance to the true gene tree. Nevertheless,
we also evaluated the methods using the matching [17] and quartet distance [138].
Experiments. We performed two main experiments: one in which we explored perfor-
mance on ILS-only datasets and the other in which we explored performance on datasets
with HGT and ILS. In each case, we directly explored how the GTEE level impacted abso-
lute and relative accuracy of gene tree correction methods. We also indirectly explored how
GT-HET affects relative and absolute accuracy. Heterogeneity is higher on the HGT+ILS
datasets than on the ILS-only datasets, as HGT adds heterogeneity between gene trees and
species trees (see Table 4.1). In our third experiment, we evaluated how the branch support
collapse threshold and how using the true species tree as the reference tree impacted absolute
and relative performance among the best performing methods on the ILS-only datasets.
Commands. In the following commands, resolved gene trees refers to the gene trees esti-
mated using RAxML, unresolved gene trees refers to these estimated gene trees with branches
having bootstrap support less than the threshold (e.g., 75%) collapsed, and reference species
tree refers to the species tree estimated using ASTRID. Rooted means the input tree was
rooted at the outgroup.
RAxML v8.2.11 was run as
raxml -f a -m GTRGAMMA -p 12345 -x 12345 -N <# bootstrap replicates> \
-s <alignment file> -n <output name>
ASTRID v1.4 was run as
ASTRID -i <resolved gene trees> -o <output>
Notung v2.9 was run as
java -jar Notung-2.9.jar --resolve -s <rooted reference species tree> \
-g <rooted unresolved gene tree> --speciestag postfix \
--treeoutput newick --nolosses
TRACTION v1.0 was run as
traction.py --refine -r -s 12345 -b <unrooted reference species tree> \
-u <unrooted resolved gene trees> \
-i <unrooted unresolved gene trees> -o <output>
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ecceTERA v1.2.4 was run as
eccetera resolve.trees=0 collapse.mode=1 collapse.threshold=75 \
dated=0 print.newick=true \
species.file=<rooted reference species tree> \
gene.file=<rooted resolved gene tree>
FastME v2.1.6.1 [153], used to compute a distance matrix for ProfileNJ, was run as
fastme -i <input gene alignment> -O <output distance matrix> -dK
ProfileNJ, using the K2P-corrected distance matrix from FastME, was run as
profileNJ \
-g <rooted unresolved gene tree> -s <rooted reference species tree> \
-d <distance matrix> -o <output> -S <name map> -r none \
-c nj --slimit 1 --plimit 1 --firstbest --cost 1 0.99999
TreeFix v1.1.10 was run on the ILS-only datasets as
treefix -s <rooted reference species tree> -S <name map> \
-A <alignment file extension> -o <old tree file extension> \
-n <new tree file extension> <resolved gene tree>
TreeFix-DTL v1.0.2 was run on the HGT+ILS datasets as
treefixDTL -s <rooted reference species tree> -S <map file> \
-A <alignment file extension> \
-o <old gene tree file extension> \
-n <new gene tree file extension> <resolved gene tree>
Normalized RF distances were computed using Dendropy v4.2.0 [132] as
n1 = len(t1.internal_edges(exclude_seed_edge=True))
n2 = len(t2.internal_edges(exclude_seed_edge=True))
[fp, fn] = false_positives_and_negatives(t1, t2)
rf = float(fp + fn) / (n1 + n2)
Matching distances were computed using code from [17] and [139] as
matching_distance <tree 1> <tree 2> <number of leaves>
Quartet distances were computed using QDist [138] as
qdist <tree 1> <tree 2>
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4.4.3 Experimental Results
Experiment 1: Comparison of methods on ILS-only datasets. Not all methods
completed on all datasets: ecceTERA failed to complete on 67 gene trees, profileNJ failed
to complete on two gene trees, and all other methods completed on all gene trees. Results
shown in Figure 4.3 are restricted to those datasets on which all methods completed. For
the moderate ILS condition with accuracy evaluated using RF distance (Figure 4.3 (top)),
all methods were able to improve on RAxML, and the degree of improvement increased with
GTEE. For the high ILS condition (Figure 4.3 (bottom)), methods improved on RAxML
only when GTEE was at least 20%. Thus, GTEE and ILS level both impacted whether
methods improved on RAxML. Furthermore, the methods grouped into two sets: TRAC-
TION, Notung, and TreeFix performing very similarly and ProfileNJ and ecceTERA having
somewhat higher error. We found the relative performance of these methods follows the same
trends for matching (Figure 4.4) and quartet distances (Figure 4.5) as for RF distances.
Experiment 2: Comparison of methods on the HGT+ILS datasets. The HGT+ILS
datasets have heterogeneity due to both HGT and ILS, with the degree of HGT varying from
moderate (m5) to high (m6). Here, ecceTERA failed on 1,318 datasets with the failure rates
increasing as the GTEE of the initial RAxML gene tree increased: ecceTERA failed 0% of
the time when GTEE was less than 40%, 0.4% of the time when GTEE was 40-60%, 23.6%
of the time when GTEE was 60-80%, and 90.8% of the time when GTEE was at least 80%.
Because of the high failure rate, we report results for ecceTERA on datasets with GTEE
of at most 40%; above this level, ecceTERA fails frequently, making comparisons between
methods potentially biased. Figure 4.6 shows that ecceTERA performed well, though not
as well as Notung and TRACTION, on these low GTEE datasets.
Figure 4.7 shows the impact of the remaining methods on RAxML gene trees as a function
of GTEE as measured by RF distance. Figure 4.8 and Figure 4.9 measure this impact using
matching distance and quartet distance, respectively. The relative performance between
the remaining methods across all evaluation metrics show that TRACTION and Notung
were more accurate than profileNJ and TreeFix-DTL, with the gap between the two groups
increasing with GTEE. We also see that TRACTION had an advantage over Notung for
the low GTEE condition and matched the accuracy on the higher GTEE condition. For the
lowest GTEE bin, no method improved the RAxML gene tree, but some methods made the
gene trees less accurate (e.g., profileNJ); only TRACTION maintained the accuracy of the
RAxML gene tree. Overall, on the HGT+ILS datasets, TRACTION consistently performed
well and provided a clear advantage over the other methods in terms of accuracy.
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Experiment 3: Varying collapse threshold and reference tree on the ILS datasets.
The collapse threshold is an important hyperparameter that may impact the accuracy of
gene tree correction methods. We evaluated the effect of this parameter on the two best
performing methods from the previous experiments: TRACTION and Notung. Figure 4.10
shows the results on the ILS-only datasets, stratified by GTEE. Overall, TRACTION and
Notung exhibited similar relative performance. Intuitively, increasing the collapse threshold
(i.e., collapsing more branches) tends to reduce the error in the moderate ILS condition across
all levels of GTEE as well the high ILS condition with sufficiently high GTEE. However,
a lower threshold (i.e., collapsing fewer braches) improves accuracy for the low GTEE and
high ILS condition, where the original gene tree is well-estimated and the reference species
tree is more distant from the true gene trees.
The reference tree is also an important input that in practice will often itself be estimated.
In Figure 4.11, we found that using the true model species tree achieves similar absolute
performance as using the estimated ASTRID tree as reference. Again, TRACTION and
Notung had performed similarly with respect to the RF distance between the true and the
estimated (and then corrected) gene tree.
Running Times. We selected a random sample of the 51-taxon HGT+ILS datasets to
evaluate the running time (see Table 4.2). From fastest to slowest, the average running
times were 0.5 seconds for TRACTION, 0.8 seconds for Notung, 1.7 seconds for ProfileNJ,
3.8 seconds for TreeFix-DTL, and 29 seconds for ecceTERA. Most of the methods had
consistent running times from one gene to another, but ecceTERA had high variability,
depending on the size of the largest polytomy. When the largest polytomy was relatively
small, it completed in just a few seconds, but it took close to a minute when the largest
polytomy had a size at the limit of 12. Results on other HGT+ILS replicates and model
conditions gave very similar results.
Overall comments. This simulation study shows that the better methods for gene tree
correction (TRACTION, Notung, and TreeFix) produced more accurate gene trees than the
initial RAxML gene trees for the ILS-only conditions (except for cases where the initial gene
tree was already very accurate), and that the improvement could be very large when the
initial gene trees were poorly estimated. However, the impact of gene tree correction was
reduced for the HGT+ILS scenarios, where improvement over the initial gene tree was only
obtained when GTEE is fairly high. As shown in Table 4.1, the average normalized RF
distance between the reference tree (ASTRID) and the true gene trees was never more than
33% for the ILS-only scenarios but very high for the HGT+ILS scenarios (54% for moderate
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HGT and 68% for high HGT). Since a reference tree (i.e., an estimated species tree) was the
basis for the correction of the gene trees, it is not surprising that improvements in accuracy
were difficult to obtain for the HGT+ILS scenario. On the other hand, given the large
distance between the true species tree and the true gene tree, the fact that improvements
were obtained for several methods (TRACTION, Notung, and TreeFix-DTL) is encouraging.
4.5 DISCUSSION
We presented TRACTION, a method that solves the RF-OTRC problem exactly in
O(n1.5 log n) time, where n is the number of species in the species tree. TRACTION performs
well on singly-labeled gene trees, matching or improving on the accuracy of competing
methods on the ILS-only datasets and dominating the other methods on the HGT+ILS
datasets. Although all the methods are reasonably fast on these datasets, TRACTION is
the fastest on the 51-taxon gene trees with Notung a close second.
The observation that TRACTION performs as well (or better) than the competing meth-
ods (ecceTERA, ProfileNJ, Notung, TreeFix, and TreeFix-DTL) on singly-labeled gene trees
under ILS and HGT is encouraging. However, the competing methods are all based on
stochastic models of gene evolution that are inherently derived from GDL scenarios (and in
one case also allowing for HGT), and thus it is not surprising that GDL-based methods do
not provide the best accuracy on the ILS-only or HGT+ILS model conditions we explore.
Yet, TRACTION has good accuracy under a wide range of scenarios for singly-labeled gene
trees. We conjecture that this generally good performance is the result of its non-parametric
criterion which can help it to be robust to model misspecification.
This study suggests several other directions for future research. The GDL-based methods
have variants that may enable them to provide better accuracy (e.g., alternative techniques
for rooting the gene trees, selecting duplication/loss parameter values, etc.), and future
work should explore these variants. Most gene tree correction methods have been developed
specifically to address the case where genes have multiple copies of species as a result of
gene duplication events. We showed that a naive extension of TRACTION to handle multi-
labeled genes by using a generalization of the RF distance based on an extended species tree,
such as proposed in [148], can lead to misleading results. Future work should explore other
generalizations of RF distance that do not suffer from these same limitations (e.g., [154]).
Recent work has shown how Notung could be extended to address HGT [155]; a comparison
between TRACTION and a new version of Notung that addresses HGT will need to be
made when Notung is modified to handle HGT. Finally, the effect of gene tree correction on
downstream analyses should also be evaluated carefully.
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4.6 FIGURES AND TABLES



























































































































































Figure 4.1: Example of MUL-tree correction using TRACTION given a reference
tree. Given a singly-labeled, binary tree T on leaf set S, we wish to correct MUL-tree
T = (t, S, φ) using TRACTION. First, we uild the extension of T with respect to t, called
Extended T . We then re-label leaves such that t and T are MCFD and add any bipartitions
from Extended T missing from t; the only such bipartition in this example is in blue.
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Figure 4.2: Two cases where TRACTION does not perform well on multi-labeled
gene trees. In the first case (left column), a duplication event (red circle) occurs at the root
of the species tree shown in (a), producing the true gene tree shown in (b). If TRACTION
is given the estimated gene tree shown in (c) and the unrooted true species tree (a) as input,
then TRACTION will randomly refine the estimated gene tree, because it cannot add any
branches. In the second case (right column), a duplication event (red circle) occurs towards
the leaves of the species tree shown in (d), producing the true gene tree shown in (e). If
TRACTION is given the estimated gene tree shown in (f) and the unrooted true species tree
(d) as input, then TRACTION will add two branches as shown in blue in (g), producing
an incorrect gene tree. Furthermore, the addition of these two incorrect branches would
imply two duplication events, one occurring at leaf d and one occurring at leaf e, in the true
species tree, so that the gene tree returned by TRACTION will not minimize the number of
duplication events.
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Figure 4.3: Comparison of methods on the ILS-only datasets with respect to RF
distance as a function of GTEE. Results are only shown for those datasets on which
all methods completed. Each model condition (characterized by ILS level) has 20 replicate
datasets, each with 200 genes.
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Figure 4.4: Comparison of methods on the ILS-only datasets with respect to
matching distance as a function of GTEE. Results are only shown for those datasets
on which all methods completed. Each model condition (characterized by ILS level) has 20
replicate datasets, each with 200 genes.
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Figure 4.5: Comparison of methods on the ILS-only datasets with respect to
quartet distance as a function of GTEE. Results are only shown for those datasets
on which all methods completed. Each model condition (characterized by ILS level) has 20
replicate datasets, each with 200 genes.
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Figure 4.6: ecceTERA performs relatively well on datasets on which it completes.
Boxplots show a comparison on ILS+HGT datasets with respect to RF error as a function
of GTEE. We only show GTEE conditions for which ecceTERA completed on all genes.
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Figure 4.7: Comparison of methods on ILS+HGT datasets with respect to average
RF error rate as a function of GTEE. Each boxplot displays the distribution of RF
error across all replicates for a given method and level of GTEE. ecceTERA is not shown
due to a high failure rate on this data.
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Figure 4.8: Methods display similar relative accuracy when using matching dis-
tance to evaluate accuracy. Boxplots show a comparison of methods on ILS+HGT
datasets with respect to matching distance as a function of GTEE. ecceTERA is not shown
due to a high failure rate on this data.
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Figure 4.9: Methods display similar relative accuracy when using quartet distance
to evaluate accuracy. Boxplots show a comparison of methods on ILS+HGT datasets with
respect to quartet distance as a function of GTEE. ecceTERA is not shown due to a high
failure rate on this data.
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Figure 4.10: TRACTION and Notung achieve similar performance across collapse
thresholds. Comparison of different collapse thresholds for gene trees on the ILS-only
datasets. In each case, edges with support less than the threshold are collapsed before re-

































Figure 4.11: TRACTION and Notung achieve similar performance when using a
true species tree as reference. Comparison of using a species tree estimated by ASTRID
compared to the true species tree as a reference for gene trees on the ILS-only datasets.
TRACTION and Notung completed in all instances, so no gene trees are removed.
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Table 4.1: Empirical properties of the simulated datasets used in this study: GT-HET (gene
tree heterogeneity, the average normalized RF distance between true gene trees and true
species trees); GTEE (average gene tree estimation error); and the average distance of the
ASTRID reference tree, to the true gene trees. The publications from which the simulated
datasets are taken are also indicated. In total we analyzed 68,000 genes with varying levels
and causes of true gene tree heterogeneity (to the true species tree) and GTEE. The ILS-only
conditions each had 20 replicates, and the ILS+HGT conditions each had 50 replicates.
GT-HET GTEE Distance ASTRID to true gene trees
ILS-only, Low ILS, 26 species [118]
# sites varies 0.10 0.32 0.08
ILS-only, High ILS, 26 species [118]
# sites varies 0.36 0.40 0.33
ILS+HGT, Moderate HGT (m5), 51 species [152]
100 sites 0.54 0.63 0.55
250 sites 0.54 0.47 0.55
500 sites 0.54 0.47 0.54
ILS+HGT, High HGT (m6), 51 species [152]
100 sites 0.68 0.62 0.68
250 sites 0.68 0.46 0.68
500 sites 0.68 0.38 0.68
Table 4.2: Total time (in seconds) for each method to correct 50 gene trees with 51 species









CHAPTER 5: PRIORITIZING ALTERNATIVE TUMOR PHYLOGENIES
USING MUTATIONAL SIGNATURES WITH PHYSIGS
We now switch our focus from species to tumor phylogenies. We introduce a method,
PhySigs, which infers changes in exposure to well-known mutational processes over the life-
time of a tumor. As a consequence, we improve upon the output of tumor phylogeny estima-
tion methods by prioritizing phylogenies with more parsimonious exposures. Figures appear
at the end of this chapter in Section 5.7.
5.1 INTRODUCTION
To understand the mechanisms by which mutations accumulate, researchers search large
databases of somatic mutations and identify mutational signatures, patterns of mutations
associated with distinct mutational processes across different types of cancer [13]. In ad-
dition to elucidating tumorigenesis, mutational signatures have found clinical applications
[157]. One promising application is using a tumor’s exposure to a signature associated with
perturbed DNA damage repair as a biomarker for response to an established therapy, po-
tentially increasing the number of patients who could benefit beyond standard driver-based
approaches [158]. Methods for inferring the mutational signatures active in a given tumor
are key to realizing this goal. However, initial analyses overlook intra-tumor heterogene-
ity, the presence of multiple clones with distinct complements of mutations that may be
characterized by distinct mutational signatures. Here, we propose to study the dynamics of
exposures to mutational signatures of clones within a tumor, in order to better understand
tumorigenesis, accurately construct tumor phylogenies, and move towards devising more
effective treatment plans.
A clone may be distinguished from its parental clone in a tumor phylogeny by a unique set
of introduced mutations that appear in the clone but not in its parent. Introduced mutations
provide a record of the mutational signatures acting on the clone at a particular location and
time. Previous work to identify exposures to known mutational signatures can be classified
in four broad categories. An initial body of work [12, 159, 160, 161] aimed to identify a
single distribution of mutational signatures for all clones of a tumor, which we refer to as
This chapter contains material previously published in “PhySigs: Phylogenetic Inference of Mutational
Signature Dynamics,” which was presented at the 2020 Pacific Symposium on Biocomputing [156]. This work
was done in conjunction with M. Leiserson and M. El-Kebir; MEK, SC conceived the project; SC, MEK
designed and implemented the algorithm; ML implemented the visualization tool; SC, MEK established
theory; SC, MEK performed experiments; SC wrote proof; SC, ML produced the figures; SC, MEK, ML














Figure 5.1: PhySigs unites previous work on inference of clonal mutational sig-
nature exposures into one statistical framework by incorporating evolutionary
context. (a) The input is a tumor phylogeny T with nodes representing clones in a patient
tumor, and the set of mutations (indicated by shapes) introduced in each clone. (b) Pre-
vious work generally falls into two categories and disregards evolutionary structure: While
in single exposure inference all mutations are combined into one set for signature exposure
inference, signatures for each clone are estimated independently in independent exposure
inference. (c) Both previous problems are special cases of the problem solved by PhySigs,
which incorporates evolutionary context to return a set of exposure shifts (lighting bolts) as
well as the signature exposures for each cluster defined by the shifts.
single exposure inference (Fig. 5.1). This was followed by work [87, 162] that considered the
distribution of exposures for each clone independently, called independent exposure inference.
In addition to considering clones independently, Jamal-Hanjani et al. [87] clustered mutations
into two categories: clonal mutations that are present in all clones vs. subclonal mutations
that are present in only a subset of clones. Finally, Rubanova et al. [163] incorporated even
more structure by studying the changes in exposures within a linear ordering of the clones.
A similar idea to study the dynamics of APOBEC signature exposure has been explored
experimentally in cell lines and patient-derived xenografts [164].
We build upon this line of work by proposing a model of clonal exposures that explic-
itly incorporates the tumor phylogeny relating clones. As new mutations interfere with key
DNA repair pathways or carcinogenic environmental factors are added or removed, we would
expect to see a change in the corresponding exposures along edges of the tumor phylogeny.
Such exposure shifts induce a partition of the set of clones into disjoint clusters, where within
each cluster the clones are ascribed the same set of relative signature exposures. To identify
exposure shifts, we formulate the Tree-constrained Exposure (TE) problem (Fig. 5.1). We















































Figure 5.2: PhySigs solves the TE problem for all combinations of exposure shifts.
PhySigs takes as input P , S, C and T and solves the TE problem, identifying for each value of
k ∈ {1, . . . , n} a relative exposure matrix D composed of k identical columns corresponding
to clusters of clones with identical exposures (denoted by blue and yellow). Edges between
these clusters in T are interpreted to be where exposure shifts occurred (denoted by a
lightning bolt). PhySigs uses the Bayesian Information Criterion to select the number k∗ of
clusters that best explain the data (here k∗ = 2).
to select the number of exposure shifts such that the mutational patterns observed at each
clone are accurately reconstructed without overfitting. PhySigs interpolates between single
exposure inference and independent exposure inference, thus uniting previous work under
one statistical framework. On simulated data, we demonstrate that PhySigs accurately re-
covers exposures and shifts. While PhySigs does not detect any exposure shifts in ovarian
cancer [162], it identifies several exposure shifts in non-small-cell lung cancers [87], including
at least one case with strong support from a driver mutation in the corresponding sub-
clone. Moreover, PhySigs enables one to prioritize alternative, equally-plausible phylogenies
inferred from the same input DNA sequencing data.
5.2 PROBLEM STATEMENT
We consider n samples with SNVs classified into the m = 96 mutation categories most
commonly used for mutation signature analysis [13]. We assume each sample’s SNVs are
the product of r signatures of underlying mutational processes. The m × n feature matrix
P = [pij] indicates the number of mutations of category i in sample j. The m× r signature
matrix S = [si`] describes the probability signatures ` generate mutations of category i. The
r × n exposure matrix E = [e`j] contains the number of mutations generated by signatures
` in samples j. The three matrices are related as follows:
P ≈ SE. (5.1)
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Beginning with Alexandrov et al. [13], initial efforts to discover de novo mutational signatures
shaping cancer genomes used non-negative matrix factorization. These efforts produced a
compendium of 30 validated mutational signatures distributed by the Catalogue of Somatic
Mutations in Cancer, [165] and researchers used the signature exposures to reveal signature
etiology (e.g. Kim et al. [166]) and other applications (e.g. Trucco et al. [167] and Davies
et al. [158]). However, these initial analyses disregard the clonal architecture of individual
tumors. To understand the clonal dynamics of mutational signatures, we wish to identify
signature exposures of the mutations that were introduced in each individual clone.
We start by recognizing that the exposures for each clone are proportional to the number
of mutations present in the clone. We formalize this by defining a relative exposure matrix
D ∈ [0, 1]r×n, a matrix with nonnegative entries between 0 and 1. The relative exposure
matrix D corresponding to an absolute exposure matrix E and feature matrix P is obtained
by dividing the entries of each column j of E by the total number of mutations in the
corresponding sample of P . In other words, we may view exposure matrix E as the product
DC of a relative exposure matrix D and a diagonal count matrix C ∈ Nn×n whose diagonal
entries cjj equal the number
∑m
i=1 pij of mutations in clone j.
The first problem that we formulate assumes that the mutations introduced in every
clone result from the same relative exposures.
Problem 5.1 (Single Exposure (SE)). Given feature matrix P , corresponding count matrix
C and signature matrix S, find relative exposure matrix D such that ||P − SDC||F is
minimum and D is composed of identical columns.
Current methods [12, 159, 160, 161] implicitly solve this problem by estimating signatures
of a single sample with mutations pooled across clones, as we will show in Section 5.3.
By contrast, the second problem assumes that the mutations introduced in each clone
result from distinct exposures. In other words, we assume independence between the clones,
leading the to the following problem.
Problem 5.2 (Independent Exposure (IE)). Given feature matrix P , corresponding count
matrix C and signature matrix S, find relative exposure matrix D such that ||P − SDC||F
is minimum.
We note that the above problem is equivalent to the problem solved by current methods
for patient-specific exposure inference [12, 159, 160, 161] where one replaces patients by
clones, as was recently done by Jamal-Hanjani et al. [87]
An exposure shift is a significant shift in relative exposures of signatures between two
clones. Recognizing that exposure shifts occur on a subset of the edges of a phylogeny T
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(Fig. 5.1), we propose the following tree-constrained inference problem, which generalizes
both previous problems (Fig. 5.2).
Problem 5.3 (Tree-constrained Exposure (TE)). Given feature matrix P , corresponding
count matrix C, signature matrix S, phylogenetic tree T and integer k ≥ 1, find relative
exposure matrix D such that ||P − SDC||F is minimum and D is composed of k sets of
identical columns, each corresponding to a connected subtree of T .
We note that both SE and IE are special cases of TE, where k = 1 and k = n, respectively
(Fig. 5.1). Moreover, the three problems are identical for a feature matrix P composed of a
single clone (n = 1). Finally, for a fixed selection of k subtrees, the TE problem decomposes
into k SE instances.
5.3 METHODS
5.3.1 Solving the SE problem
To solve the clone-specific exposure inference problems defined in the previous section,
we wish to leverage current methods for patient-specific exposure inference. These current
methods [12, 159, 160, 161] solve the problem of identifying absolute exposures e∗ ∈ Rr≥0 of
a single patient minimizing ||q − Se||F given feature vector q and signature matrix S, as
described in Eq. (5.1).
In the following, we show how to reduce, in polynomial time, any SE instance (P, S)
to the patient-specific instance (q, S). Specifically, we transform feature matrix P = [pij]




cj · pij ∀i ∈ [m], (5.2)
where cj is the number
∑m
i=1 pij of mutations introduced in clone j. Let N be the sum of













We claim that relative exposure matrix D composed of n identical vectors d∗ defined as
d∗ = e∗/N is an optimal solution to SE instance (P, S).
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Lemma 5.1. Let (P, S) be an instance of SE. Let (q, S) be the corresponding patient-
specific instance with optimal solution e∗. Then the relative exposure matrix D composed
of n identical vectors d∗ = e∗/N is an optimal solution to SE instance (P, S).
Proof. We define c = [cj] as an n-dimensional row vector, where cj is the number of mutations
introduced in clone j. We begin with (P, S), an arbitrary instance of SE, where we wish to
find a vector d∗ that equals
argmin
d










si` · d` · cj|2 (5.4)
We now rearrange this equation to reflect the minimization problem for (q, S), the corre-
sponding patient-specific exposure instance as described above. In doing so, we will show
that the set of optimal solutions for (q, S) has the claimed relationship to the set of optimal
solutions for (P, S). We start by squaring and then defining p̂ij =
∑r
`=1 si` · d` · cj as the

















p2ij − 2pij p̂ij + p̂2ij
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(5.5)
















































We update p̂ij terms using e. Let q̂i =
∑r
`=1 si` · e` be the reconstructed value for mutation
category i where e` = d` ·N . Observe that p̂ij =
∑r
`=1 si` ·d` ·cj = cj
∑r





















































pij · cj · q̂i) + q̂i2
]
(5.10)











cj · pij)2 − 2(
n∑
j=1
cj · pij)q̂i + q̂2i
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(5.11)

















|qi − q̂i|2 (5.12)





































Observe that this final equation contains the minimization problem for the patient-specific
instance (q, S) as defined in our reduction. Thus, we get that d∗ = e∗/N as claimed. QED.
5.3.2 Solving the IE and TE problems
IE problem. In the IE problem, we are given a feature matrix P , a signature matrix
S and seek a relative exposure matrix D such that ||P − SDC||F is minimum. We solve
this problem by decomposing it into n SE problem instances, each composed of a single
clone. For each resulting SE instance, we use the reduction described in Section 5.3.1 to the
patient-specific exposure problem.
TE problem. In the TE problem, we are given a feature matrix P , a signature matrix
S, a phylogenetic tree T and an integer k ≥ 1. The tree T has n nodes and thus n − 1
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combinations of k − 1
edge removals that lead to k connected subtrees. Each connected subtree correspond to a
single SE instance, which may be solved using the reduction to the patient-specific exposure
problem described previously. We select the combination of k − 1 edges that minimizes the
objective function.
5.3.3 PhySigs
Model selection for k. To decide on the number k of subtrees to consider, we use the
Bayesian Information Criterion (BIC)[168]. That is, we evaluate each optimal solution for
each number k ∈ {1, . . . , n} of subtrees. For a fixed k, the number of observations equals
the size of matrix P , i.e. mn, and the number of parameters equals the number of entries
in unique columns of D, i.e. kr. Let L(k) = minD ||P − SDC||F be the optimal value for k
subtrees, then the corresponding BIC value is
BIC(L(k)) = mn log(L(k)/(mn)) + kr log(mn). (5.15)
We select the number k that has the smallest BIC value.
PhySigs implementation. We implemented the above algorithm for the TE problem
that includes model selection in R. Our method, PhySigs, uses deconstructSigs [159] as a
subroutine for solving the underlying SE problems. We note that while deconstructSigs is a
heuristic and does not solve the SE problem optimally, it was found by Huang et al. [160]
to give comparable results to the optimal solution in most patients. The original PhySigs
code is available at https://github.com/elkebir-group/PhySigs, and an R package im-
plementation is available at https://github.com/elkebir-group/PhySigs_R.
5.4 EVALUATION AND RESULTS
Results were obtained on a laptop with a 2.9 GHz CPU and 16 GB RAM. All instances
completed in minutes, with the exception of a 15 clone lung cancer instance taking hours.
5.4.1 PhySigs accurately recovers exposures and shifts in simulated data
We first assess PhySigs’s ability to correctly identify model parameters for data generated
under the Tree-constrained Exposure model. To do so, we generate simulated data with
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clone-specific mutations in m = 96 categories resulting from exposure to r = 30 COSMIC
v2 signatures [165], comprising matrix S. Specifically, we simulate 20 phylogenetic trees T
with n ∈ {5, 7} clones, each clone containing between 20 and 200 mutations, as described
by the count matrix C. For each phylogenetic tree T , we generate a partition of k ∈
{1, 2, 3} connected subtrees, assigning each subtree a relative exposure vector d by drawing
from a symmetric Dirichlet distribution (with concentration parameter α = 0.2). For each
combination of T and k, this yields a relative exposure matrix D. Next, we introduce
Gaussian noise with mean µ = 0 and standard deviation σ ∈ {0.1, 0.2, 0.3}, amounting to a
m× n matrix X. Finally, we generate the feature matrix P as SDC +X. Thus, we have a
total of 180 TE problem instances (T, P ).
Fig. 5.3 shows that PhySigs identifies relative exposures D∗ that are close to their corre-
sponding simulated exposures D in varying noise regimes and simulated number of exposure
shifts (Fig. 5.3a). Moreover, the number of exposure shifts is correctly identified (Fig. 5.3b),
as well as their exact locations (Fig. 5.3c). In summary, our simulations demonstrate that
PhySigs is robust to noise and is able to accurately reconstruct relative exposures and ex-
posure shifts within this model.
5.4.2 PhySigs suggests the absence of exposure shifts in ovarian cancer
We run PhySigs on a ovarian cancer dataset [162] composed of 7 tumors, containing be-
tween 3 to 9 clones, each with a median of 468 mutations. We apply deconstructSigs’s [159]
trinucleotide normalization to correct feature matrix P by the number of times each trinu-
cleotide is observed in the genome, as this is whole-genome sequencing data. We focus our
attention on COSMIC v2 Signatures 1, 3, 5, which have been designated as occurring in
ovarian cancer [169].
We find that PhySigs does not identify any exposure shifts (i.e. k∗ = 1), assigning
identical relative exposures to all clones within each patient (data not shown). This finding
is corroborated when comparing PhySigs’s inference error to the error obtained when solving
the Independent Exposure (IE) problem, showing only a marginal decrease (median error of
149 for IE compared to 150 for PhySigs).
We see similar patterns in exposure shifts and content when additionally including BRCA
associated signatures 2 and 13, as well as including all breast-cancer associated mutational
signatures (1, 2, 3, 5, 6, 8, 10, 13, 17, 18, 20, 26 and 30).b It is known that ovarian cancer
is predominantly driven by structural variants and copy number aberrations, which has
recently motivated the use of copy number signatures rather than SNV signatures to study
mutational patterns in ovarian carcinomas[170]. Indeed, examining the exposures, we find
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that these are dominated by Signatures 1 and 3—Signature 1 is a clock-like signature [171]
and Signature 3 is highly correlated with clock-like Signature 5 (cosine similarity of 0.83).
Thus, in the absence of evidence otherwise, PhySigs will not identify exposure shifts.
5.4.3 PhySigs identifies exposures shifts in a lung cancer cohort
Jamal-Hanjani et al. [87] reconstructed phylogenetic trees for 91 lung cancer patients,
with 2 to 15 clones per patient (Fig. 5.4b). Here, we use PhySigs to study the clonal dynamics
of mutational signatures in this cohort. Since these data have been obtained using whole
exome sequencing, we use deconstructSigs’ [159] exome normalization feature to correct
feature matrix P . We restrict our attention to COSMIC v2 Signatures 1, 2, 4, 5, 6, 13 and
17, which are associated with non-small-cell lung carcinoma.b
PhySigs identifies exposure shifts in 20 out of 91 patients, with a single exposure shift in 16
patients and two exposure shifts in 4 patients (Fig. 5.4b). To understand why PhySigs iden-
tified exposures shifts in these 20 patients, we compare the error ||P − SDC||F of PhySigs’s
solution to the Tree-constrained Exposure (TE) against the errors of solutions to the Single
Exposure (SE) problem and the Independent Exposure (IE) problems. We find that the
median error of the SE problem is 51, compared to 48 for TE/PhySigs and 47 for the IE
problem (Fig. 5.4c). The decrease between SE and TE/IE suggests that enforcing a single
exposure results is a poor explanation. On the other hand, the marginal decrease between
TE and IE (48 vs. 47) suggests that the exposures inferred for each cloned independently
by IE likely suffer from overfitting. Indeed, Fig. 5.4d shows the input to the IE problem
instance is composed of clones with a median number of only 10 mutations, resulting in
poorly supported clone-specific exposures.
We next sought to validate the exposures inferred by PhySigs by identifying branches of
phylogenetic trees with a significant change in exposure that could be explained by other
observations of the tumor. We reasoned that tumors with a subclonal mutation to a gene in
the DNA mismatch repair (MMR) pathway could lead to a large increase in Signature 6 (pre-
viously associated with DNA mismatch repair [13]) along one branch of the tree. Indeed, we
find one such example in the lung cancer dataset, which we illustrate in Fig. 5.5. According
to the driver mutation classifications provided by Jamal-Hanjani et al. [87], PhySigs finds
that one subclonal branch of the tree for CRUK0064 has a putative driver mutation to MMR
gene MLH1 and a high percentage of mutations from MMR-associated Signature 6 (60.7%
of the 401 mutations). The remaining cancer cells outside this branch have zero Signature
6 exposure, supporting the claim that the mutation in MLH1 is indeed driving the increase
in Signature 6 exposure. We note that using an approach that does not fully incorporate
78
a phylogenetic tree, such as the linearly ordering mutations by cancer cell fractions (CCFs)
proposed by Rubanova et al.[163], may overlook exposure shifts that are only in one branch
of the tree as signal may be drowned out by mutations in other branches with similar CCFs.
Jamal-Hanjani et al. [87] identified multiple trees for 25 out of 91 patients. This is due to
the underdetermined nature of the phylogeny inference problem from bulk DNA sequencing
samples [96, 109]. We show that PhySigs provides an additional criterion for prioritizing
alternative phylogenetic trees. Patient CRUK0025 has two alternative trees, T1 and T2,
each composed of n = 7 clones, with uncertainty in the placement of clone 5 (Fig. 5.6).
Examining the error for varying number k ∈ {1, . . . , n} of subtrees (Fig. 5.6a), we find that
T1 (Fig. 5.6b) has smaller error than T2 (Fig. 5.6c) for the selected number k
∗ = 3 of subtrees
according to the BIC (1,106 for T1 vs. 1,122 for T2), with only two exposure shifts. Moreover,
to achieve a similar error in tree T2, three exposure shifts are required (Fig. 5.6d). Assuming
the more parsimonious explanation is more likely for a fixed magnitude of error, PhySigs’s
optimization criterion enables the prioritization of alternative trees in the solution space,
preferring T1 over T2 for this patient.
5.5 VISUALIZATION TOOL
We also implemented a tool to allow users to visualize exposure shifts and explore mu-
tations in driver genes introduced along the edges of the tumor phylogeny. The integration
of exposures with drivers facilitates the identification of subclonal drivers that precede re-
lated exposure shifts, such as the example depicted in Fig. 5.5. The PhySigs R package can
produce the necessary exposure input, but the tool stands alone so that it may also be used
with exposures inferred by existing or future methods. A picture of the interface is shown in
Fig. 5.7. The tool is publicly available at https://physigs-tree-browser.herokuapp.com.
5.5.1 Input data
The input data to the tool consists of three files, which can be pasted into the web
interface for display. The first file describes the the tumor phylogenies. Each row corresponds
to a patient tree and includes the patient ID, the tree ID, the number of nodes in the tree,
the nodes labels for the tree, and the edges comprising the tree. The second file describes the
exposures to display at the nodes of each patient tree. Each row corresponds to a node in
a patient tree and includes the patient ID, the tree ID, the node cluster ID, the node label,
and the percent exposure to each signature of interest. Our R package contains convenient
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functions formatting the above input to the tool’s user interface, but this information could
be taken from other exposure inference tools as well.
The third file contains optional information about driver mutations present in the patient
data. Each row corresponds to one of these mutations and includes the patient ID, the ID of
the node where the mutation was first introduced, the name of the gene where the mutation
occurred, the type of mutation (e.g., missense, nonsense), HGVSp annotation on protein
sequence [172], mutation effect if known (e.g., Loss-of-function), and whether or not it is
known to be oncogenic. These mutation descriptions are all optional, but are conveniently
displayed for the user when provided. This will typically need to be collected from another
data source such as VEP [173], COSMIC [165], and OncoKB [174]. In particular, we used the
maf2maf software available at https://github.com/mskcc/vcf2maf#maf2maf, which uses
VEP as a backend, and the OnkoKB annotator, available at https://github.com/oncokb/
oncokb-annotator. See Table 5.1 for complete list of input fields and example inputs.
5.5.2 Tool Features
The visualization tool lets users view patient tumor phylogenies with mutational signa-
ture exposures overlaid on each node. In particular, each node of the tree is represented
by a pie chart showing the percent inferred exposures at that node. When exposure shifts
are provided by the user, the placement of exposure shifts and resulting node clusters are
displayed. The top of the window contains a table giving the precise exposures to muta-
tional signatures for each cluster of clones. Up to two alternative trees for a patient can be
displayed side-by-side to facilitate comparisons.
When information about driver mutations is provided, the user can also see the number
of mutations occurring in a driver gene on each edge. The user can then flag driver genes
of interest, and these gene names will appear as a label on the edge corresponding to where
that mutation was introduced. Finally, clicking on an edge opens a pop-up box that provides
additional information about the driver mutations introduced on that edge, including the
gene name, mutation type, HGVSp annotation [172], effect, and oncogenic status.
5.6 DISCUSSION
Based on the idea that exposures may change along edges of a tumor phylogeny, we
introduced a model that partitions the tree into disjoint sets of clusters, where the clones
within each cluster are ascribed the same set of relative signature exposures. Using this
model, we formulated the Tree-constrained Exposure (TE) problem and provided an algo-
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rithm PhySigs that includes a principled way to select the number of exposure shifts such that
the mutational patterns observed at each clone are accurately reconstructed without overfit-
ting. PhySigs unites previous work under one statistical framework, interpolating between
single exposure inference [12, 159, 160, 161] and independent exposure inference [87, 162].
Our simulations demonstrated that PhySigs accurately recovers exposures and shifts. On
real data, we found that while PhySigs does not detect any exposure shifts in ovarian can-
cer [162], it identified several exposure shifts in non-small-cell lung cancers [87], at least one
of which is strongly supported by an observed subclonal driver mutation in the mismatch re-
pair pathway. In addition, we showed that PhySigs enables the prioritization of alternative,
equally-plausible phylogenies inferred from the same input data.
There are several avenues of future work. First, the hardness of the TE problem remains
open for the case where k = O(n). Second, PhySigs exhaustively enumerates all 2n partitions
of the n nodes of input tree T . It will be worthwhile to develop efficient heuristics that
return solutions with small error. Third, we plan to assess statistical significance of solutions
returned by PhySigs using permutation tests or bootstrapping, similarly to Huang et al.[160]
Fourth, building on our results of tree prioritization using PhySigs, we may use our model to
resolve additional tree ambiguities such as polytomies (nodes with more than two children),
akin to previous work in migration analysis of metastatic cancers[99]. Fifth, we plan to use
our model to study population-level trajectories of clonal exposures to mutational signatures.
Finally, population-level analysis of clone-specific mutations may lead to better identification
of mutational signatures rather than the current tumor-level analysis [13].
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5.7 FIGURES AND TABLES
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Figure 5.3: Simulations show that PhySigs is robust to noise, accurately recon-
structing simulated relative exposures as well as the number and location of
exposure shifts. Each boxplot contains results from 20 trees, colors indicate Gaussian
noise standard deviations σ. (a) Error between the inferred and simulated relative exposure
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Figure 5.4: PhySigs infers accurate exposures without overfitting in a lung cancer
cohort of phylogenetic trees [87]. Median values of each box plot are in square brackets.
(a) This cohort contains 91 patients with 2 to 15 clones. (b) PhySigs partitions the trees into
k∗ ∈ {1, . . . , 3} subtrees, solving the Tree-constrained Exposure (TE) problem and selecting
k∗ following the Bayesian Information Criterion. (c) The relative exposure matrix D inferred
by PhySigs has smaller error compared to solving the Single Exposure (SE) problem, and
comparable error to solving the Independent Exposure (IE) problem. (d) The latter results
in overfitting as evidenced by the small number of mutations in the smallest cluster (median





















































Figure 5.5: PhySigs detects a large increase in DNA mismatch repair-associated
Signature 6 (orange) along one branch (clusters 2 and 3; green) of the CRUK
0064 tree. In support of this finding, the branch includes a subclonal driver mutation to
DNA mismatch repair gene MLH1.
CRUK0025
k














































































Figure 5.6: PhySigs provides an additional criterion for prioritizing tumor phylo-
genies when multiple solutions exist. Jamal-Hanjani et al. [87] identified two potential
tumor phylogenies for lung cancer patient CRUK0025 with discrepancies in the placement
of clone 5. (a) For each tree, we show the minimum error identified by PhySigs for all k. (b)
The optimal exposures inferred by PhySigs for tree T1 for k = 3. Note that this solution was
selected by the BIC. (c) The optimal exposures inferred by PhySigs for tree T2 for k = 3.
With the same number of exposure shifts, T2 results in a higher error than T1. (d) Three
exposure shifts (k = 4) in T2 are necessary to achieve the same level of error as two exposure
shifts in T1, suggesting that T1 is the more accurate tree reconstruction.
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Figure 5.7: Publicly hosted visualization tool showing example patient
CRUK0025. This tool allows users to compare alternative phylogenies for a given pa-
tient (Tree 1 on left and Tree 2 on right). When there are more than two trees, a drop-down
menu lets the user select two trees to compare at a time. For each tree, the user sees the
exposures inferred for each clone along with the clusters of clones induced by exposure shifts.
Each edge of the tree is labeled by the number of mutations occurring in driver genes along
with user-specified genes of interest (e.g., KRAS, TP53). Double clicking on an edge reveals
more information about these mutations, including the gene name, mutation type, HGVSp
annotation, effect, and oncogenic status. Finally, the trees are interactive and can be dragged
by the user to rearrange the nodes for more convenient viewing.
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Table 5.1: A description of the input fields for the exposure visualization tool. While this
can be used with the exposures output by PhySigs, it is possible to provide the tool with
exposures inferred by any method.
Variable Description Example
Patient Tree Data Fields (Required)
patient Unique ID for patient CRUK0006
tree Unique ID for patient tree within patient tree set 1
num nodes Number of nodes in tree 2
nodes Node labels in tree delimited by semicolon 1; 2; 3
edges Edges in tree indicated by parent arrow child and
delimited by semicolon
1->2;1->3
Clonal Exposure Data Fields (Required)
patient Unique ID for patient CRUK0006
tree Unique ID for patient tree within patient tree set 1
k Label for exposure cluster node is assigned to in
tree. Set default to 0 if not relevant.
0
node Node label in tree 3
Signature.i Percent exposure at node to mutational signature
i. Include column for each relevant signature.
0.23
Driver Mutation Data Fields (Not Required)
patient Unique ID for patient CRUK0006
node Node label in tree 3
gene Gene name where mutation occurred. Any classi-
fication system is accepted.
TP53
variant class Type of mutation. Any type is accepted. Splice Site
hgvsp HGVSp protein annotation p.R280K




oncogenic “The ability to induce or cause cancer” as de-
fined in The Biology of Cancer by Robert Weinberg
(2014). Set default to Unknown.
Oncogenic
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CHAPTER 6: PRIORITIZING ALTERNATIVE TUMOR PHYLOGENIES
USING CANCER PATIENT COHORTS WITH RECAP
In the previous chapter, we looked at how mutational signatures could be leveraged to
prioritize alternative, equally-plausible tumor phylogenies inferred for the same patient. Here,
we propose a method, RECAP, which uses data from cohorts of cancer patients, rather
than mutational signatures, to similarly reduce the solution space by selecting the tree most
consistent with other patients. In doing so, we also learn about the patterns of evolution
shared across different clusters of patient tumors. Proofs and figures appear at the end of
this chapter in Sections 6.6 and 6.7, respectively.
6.1 INTRODUCTION
The grouping of cancer patients into subtypes with similar patterns of evolution holds the
potential to enhance current pathology-based subtypes, thereby improving our understand-
ing of tumorigenesis and leading to better stratification of tumors with respect to survival
and response to therapy [88, 89, 90, 91]. However, the two types of current sequencing tech-
nologies, bulk and single-cell DNA sequencing, each present unique challenges to the task
of identifying repeated evolutionary trajectories. With bulk DNA sequencing, the input is
a mixed sample composed of sequences from potentially millions of different cells that must
be deconvolved [95, 96]. With single-cell DNA sequencing, the input has elevated rates of
false positives, false negatives, and missing data [110]. Specialized tumor phylogeny infer-
ence methods must be used to analyze these data, but current methods infer many plausible
trees for the same input, leading to large solution spaces of phylogenies with different muta-
tion orderings. Importantly, alternative phylogenies at the individual patient level obfuscate
repeated patterns of cancer evolution at the cohort level.
Two recent methods, REVOLVER [90] and HINTRA [91], propose to select one phy-
logeny for each patient so that the resulting trees are maximally similar, enabling the identi-
fication of repeated evolutionary trajectories. There are several limitations to these existing
approaches. First, since HINTRA [91] exhaustively enumerates all possible (directed) two-
state perfect phylogenies, which grows as nn−1 where n is the number of mutations, it does
This chapter contains material previously presented at the 2020 European Conference on Computational
Biology [175] and later published in Bioinformatics under the title “Detecting Evolutionary Patterns of
Cancers using Consensus Trees.” This work was done in conjunction with J. Kim, N. Chia, O. Koyejo, and
M. El-Kebir; MEK conceived the project; SC, MEK designed and implemented the algorithm; SC, MEK, JK,
OK, NC established theory; SC, MEK proved computational hardness; SC proved dynamic programming
correctness; SC, JK, MEK performed experiments; SC, MEK produced the figures; SC, MEK contributed
to the writing of this chapter.
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Figure 6.1: RECAP solves the Multiple Choice Consensus Tree problem. Given
a family {T1, . . . , Tn} of sets of patient trees, we simultaneously cluster n patients into k
subtypes of evolutionary trajectories {R1, . . . , Rk} and select a phylogeny for each patient.
not scale beyond a small number n = 5 of mutations. Second, neither HINTRA [91] nor
REVOLVER [90] directly account for the presence of distinct subtypes of patients with dis-
tinct evolutionary patterns. Specifically, neither method uses a mixture model to represent
the selected patient trees, assuming all selected trees to originate from a single distribu-
tion. REVOLVER tries to recover a patient clustering only after the fact, i.e. hierarchical
clustering is performed only after inference of the selected trees and their single generating
distribution. This is a serious limitation of both methods as the presence of distinct subtypes
with distinct evolutionary trajectories is a documented phenomenon in cancer [88, 89, 176].
Here, we view the problem of identifying repeated patterns of tumor evolution as a
consensus tree problem, where the consensus tree summarizes different patient phyloge-
nies. Leveraging previous work on the Multiple Consensus Tree (MCT) problem [177], we
formulate the Multiple Choice Consensus Tree (MCCT) optimization problem to simulta-
neously (i) select a phylogeny for each patient in a cancer cohort, (ii) cluster the patients
to account for subtype heterogeneity, and (iii) identify a representative consensus tree for
each patient cluster (Fig. 6.1). We prove the problem to be NP-hard. We then introduce
Revealing Evolutionary Consensus Across Patients (RECAP), a coordinate ascent algorithm
as a heuristic for solving this problem. We also include a model selection criterion for iden-
tifying the number k of subtypes needed to explain a dataset. On simulated data, we
show that RECAP outperforms existing methods that do not support diverse evolutionary
trajectories. We demonstrate the use of RECAP on real data, identifying well-supported
evolutionary trajectories in a non-small cell lung cancer cohort and a breast cancer cohort.
6.2 PROBLEM STATEMENT
Recall that we represent the evolutionary history of a tumor by a rooted tree T whose
root vertex is denoted by r(T ), vertex set by V (T ), and directed edge set by E(T ). We
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represent each non-root vertex v 6= r(T ) by the mutations µ(v) = µ(u, v) introduced on its
unique incoming edge (u, v). Consistent with most current phylogenetic analyses in cancer
genomics, this work adheres to the ISA, i.e. each mutation is gained exactly once and is
never subsequently lost. Throughout this chapter, we will refer to rooted trees adhering to
the ISA simply as trees.
6.2.1 Tree distances
By comparing trees of different patients, we may identify repeated patterns of tumor
evolution. To do this in a principled way, we require a distance function d(T, T ′) that
quantifies the degree of differences between two trees T and T ′. Many distance measures
have been proposed for cancer phylogenies under the ISA [75, 76, 77, 78], including the
parent-child distance (see Def. 2.2). To control for trees of varying sizes and mutation sets,
we augment the parent-child distance to account for missing mutations in either tree and
include a normalization factor (Fig. 6.2). This is formalized as follows.
Definition 6.1. The normalized parent-child distance dN(T, T
′) of two trees T and T ′ is the
parent-child distance divided by twice the size of the vertex set Σ = |V (T ) ∪ V (T ′)|, i.e.
dN(T, T
′) =
|E(T )4 E(T ′)|+ |V (T )4 V (T ′)|
2Σ
. (6.1)
6.2.2 Consensus tree problems
The problem of identifying repeated patterns of tumor evolution may be viewed as a
consensus tree problem. The Single Consensus Tree (SCT) problem was posed and
solved in a recent paper for trees with identical mutation sets using the parent-child distance.
Problem 6.1 (Single Consensus Tree (SCT) [75]). Given a set T = {T1, · · · , Tn} of
trees on the same vertex set Σ, find a consensus tree R with vertex set Σ such that the total
parent-child distance
∑n
i=1 d(Ti, R) is minimum.
Representing evolutionary patterns common to a large number of patients by a single
consensus tree is often too restrictive, as multiple subtypes with distinct evolutionary pat-
terns and phenotypes exist even among cancers with the same primary location [176]. This
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Figure 6.2: Normalized parent-child distance accounts for varying mutation sets
and tree sizes. Here, Σ consists of six mutations (colored circles). The normalized parent-
child distance dN(T1, T2) = 0.5 of trees T1 and T2 is the sum of the sizes of the symmetric
differences of their edge sets (light gray) and vertex sets (light blue) divided by 2|Σ|.
finding a single consensus tree one simultaneously clusters patient trees and identifies a rep-
resentative consensus tree for each cluster. In previous work, this was formalized as the
Multiple Consensus Tree (MCT) problem [177].
Problem 6.2 (Multiple Consensus Tree (MCT) [177]). Given a set T = {T1, · · · , Tn}
of trees with the same vertex set Σ and integer k > 0, find (i) a clustering σ : [n] → [k] of
input trees into k clusters and (ii) a consensus tree Rj with vertex set Σ for each cluster
j ∈ [k] such that the total parent-child distance ∑ni=1 d(Ti, Rσ(i)) is minimum.
There are three challenges that prevent the adoption of methods for the MCT problem
to identify repeated evolutionary patterns. First, the application of phylogenetic techniques
specialized for cancer sequencing data results in a large solution space T of plausible trees
for each individual patient. Second, inference methods typically label vertices by mutation
clusters rather than a single mutation. Recall that a tree T ′ is an expansion of a tree T
if all mutation clusters of T have been expanded into ordered paths (see Fig. 6.4). Third,
due to inter-tumor heterogeneity, the set of mutations across patients will vary, violating the
constraint that patient trees are on the same set Σ of mutations.
Leveraging information across patients, we wish to resolve ambiguities in our input data
and detect subtypes of evolutionary patterns by simultaneously (i) identifying a single ex-
panded tree among the solution space of trees for each patient, (ii) assigning patients to
clusters, and (iii) inferring a consensus tree summarizing the identified expanded trees for
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each cluster of patients. We formalize this as the Multiple Choice Consensus Tree
problem (Fig. 6.1).
Problem 6.3. (Multiple Choice Consensus Tree (MCCT)) Given a family T =
{T1, . . . , Tn} of sets of patient trees composed of subsets of mutations Σ and integer k > 0,
find (i) a single tree Si ∈ Ti for each patient i ∈ [n], (ii) an expanded tree S ′i of each
selected tree Si, (iii) a clustering σ : [n] → [k] of patients into k (non-empty) clusters and





i, Rσ(i)) is minimum.
The MCCT problem generalizes both the SCT and MCT problems when there are no
mutation clusters and all patients have the same set of mutations. In particular, when there
is only a single tree for each patient, the MCCT problem reduces to the MCT problem. For
the case where, in addition to the previous, we seek only a single cluster (k = 1), the MCCT
problem further reduces to the SCT problem.
6.2.3 Complexity
We start by noting that since the MCCT problem is a generalization for the MCT
problem, any hardness result for MCT carries over to MCCT. Previously, the authors in
[177] showed that MCT is NP-hard for the case where k = O(n), which thus means that
MCCT is NP-hard for the same case. Here, we prove a stronger result, showing that MCCT
is NP-hard even when k = 1. Specifically, this section sketches a proof of NP-hardness for the
MCCT problem by reducing from the canonical NP-hard problem of 3-SATISFIABILITY
(3-SAT) [178]. The full proof can be found below in Section 6.6.
Theorem 6.1. MCCT is NP-hard even in the restricted case where (i) we seek a single
consensus tree (k = 1), (ii) trees in T have the same vertex set Σ, and (iii) there are no
mutation clusters.
Recall that in 3-SAT, we are given a Boolean formula φ = ∧ni=1(yi,1 ∨ yi,2 ∨ yi,3) in 3-
conjunctive normal form with m variables denoted by {x1, · · · , xm} and n clauses denoted
by {c1, · · · , cn}. We define γ(yi,j) = 1 if literal yi,j is of the form x, and γ(yi,j) = 0 if literal
yi,j is of the form ¬x, where x is one of the variables. A truth assignment θ : [m] → {0, 1}
satisfies clause ci = (yi,1 ∨ yi,2 ∨ yi,3) if there exists a j ∈ {1, 2, 3} such that θ(x) = γ(yi,j),
where x is the variable corresponding to literal yi,j. 3-SAT seeks to determine if there exists








Figure 6.3: An example of the gadget used in the NP-hardness proof for the
MCCT problem. This is just one the seven trees in collection Ti constructed from clause
ci = yi,1 ∨ yi,2 ∨ yi,3 in our 3-SAT formula. This tree corresponds to the case where ci is
satisfied by both the first and second literal, but not the third.
Given an instance φ of 3-SAT, we reduce it to an MCCT instance T (φ) as follows. To
simplify the reduction, we assume that (i) φ has literals from three distinct variables within
every clause, (ii) every variable and its negation appear in at least two clauses each, and
(iii) a variable and its negation never appear in the same clause. These conditions are
without loss of generality, as every φ that does not satisfy these conditions can be rewritten
as an equisatisfiable formula φ′ in polynomial time that adheres to the three conditions. We
construct a family T (φ) = {T1, . . . , Tn} of sets of trees over the shared vertex/mutation set
Σ = {r, x1, · · · , xm,¬x1, · · · ,¬xm, c1, · · · , cn}. Note that this shared vertex set contains a
vertex for each positive and negative literal in φ, a vertex for every clause in φ, and an extra
vertex r (i.e. |Σ| = 2m+ n+ 1).
For each clause ci = (yi,1∨yi,2∨yi,3) in φ, the family T (φ) contains one set Ti comprised of
seven trees. These trees correspond to the seven possible assignments of truth values to vari-
ables in ci such that the clause is satisfied. Per our assumption that φ has clauses composed
of distinct variables, there exist exactly seven distinct truth assignments that satisfy clause
ci. Consider one such assignment φ(x1) = γ(yi,1), φ(x2) = γ(yi,2), φ(x3) 6= γ(yi,3), where
x1, x2, x3 are the variables corresponding to literals yi,1, yi,2, yi,3, respectively. The tree rep-
resenting this assignment in Ti is constructed as follows: (i) the tree has r as the root vertex;
(ii) the root r has vertices c1, · · · , cn as children; (iii) the root also has children corresponding
to each literal based on the assignment, i.e. {(r, yi,1), (r, yi,2), (r,¬yi,3)} for this example; (iv)
each of these literals then has its negation as a child, i.e. {(yi,1,¬yi,1), (yi,2,¬yi,2), (¬yi,3, yi,3)};
(v) the remaining vertices (corresponding to variables and negations not in ci) are added as
children of the vertex labeled ci. Note that r will always have 3 + n children corresponding
to the three literals and n clauses. Fig. 6.3 shows an example.
This reduction can be performed in O(|T (φ)| · |Σ|) = O(n(2m + n + 1)) = O(n2 + nm)
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time and is therefore polynomial. After constructing T (φ), we can use an algorithm for
MCCT to select one of the 7 trees from each set in T (φ) in order to minimize the parent-
child distance to a single consensus tree (i.e. k = 1). Note that minimizing the parent-child
distance is equivalent to minimizing the normalized parent-child distance since all input trees
have identical vertex sets and the same number of edges (i.e. the vertex symmetric difference
in the numerator is zero, and the normalizing denominator is a constant scaling factor).
Appendix B proves that φ has a satisfying assignment if and only if the optimal solution to
this corresponding MCCT instance has a parent-child score of 2n(2m − 6). Moreover, we
may use the consensus tree to recover a satisfying assignment for φ.
6.3 METHODS
In this section, we introduce Revealing Evolutionary Consensus Across Patients (RE-
CAP), an algorithm to heuristically solve the Multiple Choice Consensus Tree (MCCT)
problem. We first introduce a simplified version of the algorithm where all input trees
from all patients are on the same mutation set and there are no mutation clusters (see Sec-
tion 6.3.1). We then subsequently relax these requirements and show how we augment the
algorithm to handle these two conditions (see Sections 6.3.2 and 6.3.3, respectively). Finally,
Section 6.3.4 describes a model selection procedure for choosing k, the number of clusters.
6.3.1 Coordinate ascent heuristic for simple case
The MCCT problem models (i) the selection of one tree Si ∈ Ti for each patient i, (ii)
the surjective clustering function σ : [n] → [k] of the selected trees to one of k clusters,
and (iii) the construction of multiple consensus trees {R1, . . . , Rk} by minimizing the sum of
normalized parent-child distances between consensus trees and the selected trees. To begin,
we assume all trees from all patients have the same set of mutations and no clusters.
The pseudocode for our algorithm is given in Algorithm 6.1. We start by initializing a
random selection of one tree for each patient. We also initialize a random assignment of
patients to one of k clusters, ensuring that there is at least one patient per cluster. We
then iterate between two steps: (i) finding an optimal consensus tree for the current selected
trees assigned to each cluster, and (ii) selecting new trees for each patient and reassigning
patients to clusters given the current consensus trees. We iterate between these two steps
until convergence.
To perform step (i), we note that we can reduce this step into k independent instances
of SCT, one for each cluster. The input to each SCT instance is simply the selected trees of
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Algorithm 6.1: Coordinate Ascent Heuristic for Simple Case
Input: A collection T = {T1, · · · , Tn} of patients’ tree sets and number k > 0 of
clusters
Output: Selection of trees {S1, · · · , Sn}, consensus trees {R1, · · · , Rk}, and
clustering σ with smallest criterion score found.
{S1, · · · , Sn} ← random tree selection for each patient i from Ti
σ ← random surjective cluster mapping from [n]→ [k]
{R1, · · · , Rk} ← Compute initial consensus tree for each cluster j by running SCT
algorithm on the set {Si | σ(i) = j}.
∆←∞, L←∑ni=1 d(Si, Rσ(i))
while ∆ > 0 do
for j ← 1 to k do
Rj ← Update consensus tree for cluster j by running SCT algorithm on the
set {Si|σ(i) = j}.
end
for i← 1 to n do
Si, σ(i)← Update selected tree and cluster for patient i by directly
computing argminT∈Ti,j∈[k] d(T,Rj)
end
∆← L−∑ni=1 d(Si, Rσ(i))
L←∑ni=1 d(Si, Rσ(i))
end
return ({S1, · · · , Sn}, {R1, · · · , Rk}, σ)
patients assigned to that cluster. The output is a consensus tree minimizing the parent-child
distance to the input trees. Note that this is equivalent to minimizing the unnormalized
parent-child distance; since we assume all patients have the same vertex set, the vertex
symmetric diffrence in the numerator is equal to zero and normalization term in the parent-
child distance function just becomes a constant scaling factor.
To perform step (ii), we iterate over all input trees for each patient. For each tree, we
calculate the parent-child distance to the consensus tree for each cluster. We then select the
tree and cluster that minimizes this distance for each patient.
While this algorithm is a heuristic, the total parent-child score is monotonically decreas-
ing with each iteration. In step (i), the updated consensus tree is guaranteed to be optimal
and so can only decrease the score. In step (ii), the tree selection and cluster assignment
is only changed if it decreases the score. We restart the algorithm a user-specified number
of times, each time with a different random initialization, and we return the solution with
minimum parent-child distance across all restarts.
93
6.3.2 Varying mutation sets
We now adapt Algorithm 6.1 to be able to handle patients that have different sets of
mutations. When patients in the input data have different mutation sets, some patients
have many more mutations than other patients. When this occurs, minimizing the parent-
child distance can often be achieved by putting the most massive trees alone in their own
clusters with an identical consensus tree. To avoid this degenerate scenario, we introduce
normalization to our distance function (see Definition 6.1).
On trees with identical vertex sets, optimizing this normalized distance simply reduces to
optimizing the parent child distance, as we discussed above. However, with varying mutation
sets, the numerator term containing the symmetric difference in vertex sets can no longer
be assumed equal to zero. In most places in our algorithm, we can simply swap the distance
function to normalized distances. However, this cannot immediately be done in step (i)
since the SCT subroutine is designed to work on identical mutation sets and unnormalized
distances.
To address this problem, we augment the input patient trees so that all augmented trees
are on the same vertex set. As described in Section 6.2, all input trees share the same
root vertex corresponding to the germline clone. We first add a new vertex labeled ⊥ as a
child of this shared root in all trees. For each patient tree, we then add new vertices for all
mutations the tree is missing and attach each one as a child of ⊥. We then run the algorithm
as previously described on these augmented input trees. After the algorithm terminates, we
post-process the consensus trees to remove the ⊥ vertex along with all of its descendants,
which we interpret as missing from this cluster.
The intuition behind this heuristic reduction is as follows. Consider a mutation b appear-
ing in one tree but not the other. This mutation increases the vertex symmetric difference
term in the normalized parent-child distance numerator. After augmenting the trees as de-
scribed, this increase will now be captured by the symmetric difference in the edge sets of
the augmented trees; the tree missing the mutation will now have the edge (⊥, b), which is
not contained in the other tree by construction.
6.3.3 Mutation clusters
In practice, patient input trees may have vertices that do not correspond to a single
mutation, but in fact correspond to a set of mutations. We call vertices with multiple
mutations mutation clusters. We interpret these clusters as implicitly representing another







Figure 6.4: An example of an optimal expansion of the mutation clusters of a tree
T with respect to an expanded tree R. Tree T contains mutation clusters, whereas
tree R does not. Each mutation is denoted by a colored triangle. Matching edges between
R and the expanded tree T ′ are denoted with a dashed line.
unknown. We wish to resolve all mutation clusters into a linear ordering of the mutations by
leveraging information across patients. However, a naive expansion of all mutation clusters
in all possible ways may dramatically increase the set of patient trees.
Solving the following optimization problem would allow us to resolve these clusters with-
out explicitly enumerating all possible expansions. To start, we define an expansion of a
mutation cluster just below (Fig. 6.4). Similarly, an expanded tree T ′ of T is obtained by
expanding all mutation clusters of T into paths.
Definition 6.2. An expansion of a mutation cluster C is an ordered sequence Π(C) of the
mutations in C.
Problem 6.4. (Optimal Cluster Expansion (OCE)) Given a tree R with no mutation clus-
ters and a tree T with at least one mutation cluster, find a tree T ′ such that (i) T ′ is an
expansion of T , and (ii) T ′ minimizes the normalized parent-child distance to R out of all
tree expansion of T .
We observe that when expanding mutation clusters, we cannot expand each mutation
cluster in isolation since abutting clusters have edges that interact. Therefore, to solve
this problem, we use dynamic programming (DP). The details of the polynomial time DP
algorithm are given in Section 6.6. To incorporate support for mutation clusters into Algo-
rithm 6.1, we run the DP subroutine on each patient tree considered in step (ii). This gives
us the score of the best expansion of each tree in polynomial time, avoiding an exponential
blow-up of the input tree set.
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6.3.4 Model selection
In the above methodology, we gave the number k of clusters as an input to our algorithm.
Clearly, the total normalized parent-child distance will decrease with increasing number k
of clusters, with k = n leading to a total distance of 0. Thus, we must choose the number
of clusters necessary to explain the data without overfitting. Intuitively, what we seek is
the the minimum number of clusters k, after which introducing additional clusters no longer
leads to a meaningful decrease in our optimization criterion. In other words, this is the point
at which the normalized parent-child distance “flattens”. We capture this intuition with the
following elbow approach.
Given an absolute threshold ta ≥ 0 and a percentage threshold tp ∈ (0, 1), we seek the
largest k such that the following two conditions hold: (1) the change in the optimization
criterion between k − 1 and k is greater than ta, and (2) the percentage change in the
optimization criterion between k−1 and k is greater than tp. Selecting the largest k meeting
these two conditions ensures that all larger k values must have a small marginal changes.
The use of an absolute threshold just ensures that for normalized parent-child distances
very close to 0, a fractional change to the total cost does not trigger the percentage change
criterion. In practice, we set ta = 0.5 and tp = 0.05.
6.4 EVALUATION AND RESULTS
Section 6.4.1 compares RECAP to HINTRA [91] and REVOLVER [90] on simulated
data, whereas Section 6.4.2 highlights the use of RECAP to identify repeated evolutionary
trajectories in a non-small cell lung cohort [87] and a breast cancer cohort [179].
6.4.1 Simulations
We use simulations to evaluate our method. We generate three sets of simulation in-
stances, with varying total number |Σ| of mutations and number ` mutations per cluster.
The first set has |Σ| = ` = 5 mutations, the second set |Σ| = 12 total mutations and
` = 7 mutations per cluster and the third set |Σ| = ` = 12 mutations. For each set, we
generate simulated instances with varying number k∗ ∈ {1, 2, 3, 4, 5} of clusters and num-
ber n ∈ {50, 100} of patients, yielding an MCCT instance T = {T1, . . . , Tn} and solution
(R∗,Γ∗, σ∗) as follows. First, we draw the patient clustering σ∗ : [n]→ [k] from a Dirichlet-
multinomial distribution with concentration parameters α1 = . . . = αk = 10 and the number
of trials equal to the number of patients n. Next, for each cluster j ∈ [k], we randomly pick `
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mutation without replacement from the set Σ, ensuring that mutation 0 is among the picked
mutations. We then randomly generate a consensus tree R∗j using Prüfer sequences [180],
rooted at mutation 0. To obtain the set Ti of trees of patient i ∈ [n], we simulate a bulk
sequencing experiment by generating a matrix F of variant allele frequencies (with 5 bulk
samples) obtained from mixing the vertices of the corresponding consensus tree Rσ(i), and
subsequently running SPRUCE [109]. For each simulation instance, parameterized by |Σ|,
`, n and k, we generate 20 instances. This amounts to a total of 3 · 2 · 5 · 20 = 600 instances.
We compare RECAP (50 restarts) to HINTRA [91] and REVOLVER [90]. We ran
HINTRA using the following arguments:
$ ./Hintra-Lin -u <INPUT_FILE> <no_samples> <no_genes> 0.1 50 10
where 0.1 is the default of the discretization parameter, 50 is the default value for the number
of EM restarts and 10 is the number of threads. We ran REVOLVER using the following
default of the following R function:
revolver_fit(x, initial.solution = 1, max.iterations = 10, n = 10)
Fig. 6.6a shows that RECAP correctly selects the ground truth tree for each patient.
REVOLVER, by contrast, only does so when the number k∗ of simulated clusters equals 1
and performance decreases with increasing k∗. Indeed, in REVOLVER’s model patient trees
originate from a single generative model (which is a directed graph). This model assumption
breaks down when there are distinct generative models, with varying sets of edges, for each
patient cluster as is the case in our simulations. We were only able to run HINTRA for
the |Σ| = ` = 5 simulation instances, resulting in poor performance for varying number
k∗ of simulated clusters. Fig. 6.6b shows that RECAP’s model selection criterion correctly
identifies the simulated number k∗ of clusters. REVOLVER’s performance is slightly worse
that RECAP, often overestimating the number of clusters. Next, we assess the accuracy of
the patient clustering of RECAP and REVOLVER. Note that we did not include HINTRA
in this analysis, as it is does not possess the capability to group patients into clusters with
similar evolutionary trajectories. We find that RECAP correctly assigns pairs of patients to
the same cluster (recall, Fig. 6.6c) and also correctly groups patients into distinct clusters
(precision, Fig. 6.6d). We also report these results for each simulated dataset separately
and observe similar trends; in particular, Fig. 6.7 shows simulation results for |Σ| = ` = 5.
Fig. 6.8 shows simulation results for |Σ| = 12 and ` = 7. Fig. 6.9 shows simulation results
for |Σ| = ` = 12. Finally, we assess in Fig. 6.10 RECAP’s stability with varying number of
restarts, showing that RECAP quickly converges onto the ground truth solution.
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In summary, our simulations demonstrate that RECAP outperforms existing methods,
correctly reconstructing distinct evolutionary trajectories, selecting the correct tree per pa-
tient and correctly clustering patients together.
6.4.2 Real data
Non-small cell lung cancer cohort. We first run RECAP on the TRACERx dataset
from [87], which contains whole-exome sequencing (500x depth) of tumors taken from pa-
tients (n = 99) with with non-small cell lung cancer. In the original study, phylogenetic
trees were reconstructed for each patient with some patients having more than one proposed
tree (median: 1 tree, maximum: 14 trees). The number of clones per patient ranges from
2 to 15. Furthermore, 85 patients have trees containing at least one mutation cluster, with
a maximum mutation cluster size of 11. We additionally process these trees by restricting
them to recurrent driver mutations, which we define to be mutations appearing in at least
10 patients. We run RECAP here with k ranging from 1 to 15 and with 5,000 restarts.
RECAP’s model selection criterion identifies k = 10 distinct clusters (Fig. 6.11a). We
note that as k increases, the clusters remain fairly stable in terms of the consensus trees found
and the patient clustering, with each incremental cluster typically subdividing a previous
cluster (Fig. 6.11b). The cluster size for the selected k ranges from a minimum of 4 patients
to a maximum of 21 patients assigned to a particular cluster. Six of the consensus graphs
we recover consist of at most one edge from germline to a driver mutation. The remaining
four consensus trees have between two and three mutations.
We note that the authors in [90] likewise reported 10 distinct clusters for this dataset.
Of these, the authors found five to have the strongest signal (C2, C3, C4, C6, C8). RECAP
returns a consensus tree exactly matching two of these clusters, and very similar consen-
sus trees for the remaining clusters. Moreover, the patients in these clusters are similarly
clustered by RECAP.
We discuss Cluster 4 from RECAP, which we use as an illustrative example of how RE-
CAP can use patterns observed in other patients to resolve ambiguities due to mutation
clusters (Fig. 6.11c). The consensus tree for Cluster 4 contains an edge from germline to
EGFR followed by an edge from EGFR to TP53 (matching cluster C4 in REVOLVER). We
observe that in the input data, patient CRUK0015 has a single tree that after processing
contains both of these edges, ordering EGFR and TP53 (Fig. 6.11d). As we would expect,
patient CRUK0015 is assigned to Cluster 4. Moreover, this information then transfers via
the consensus tree to resolve mutation clusters for 10 other patients in this cluster includ-
ing CRUK0001, CRUK0004, CRUK0022, CRUK0024, CRUK0026, CRUK0048, CRUK0049,
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CRUK0051, CRUK0058, and CRUK0080. Indeed, it has been previously observed that
EGFR and TP53 frequently co-occur, potentially having important clinical implications,
and that in some patients EGFR proceeds TP53 [181]. To observe the remaining consensus
trees in this cohort, see Fig. 6.12 and Fig. 6.13.
Breast cancer cohort. Razavi et al.[179] performed targeted sequencing of 1,918 tumors
from 1,756 breast cancer samples, identifying copy number aberrations and single-nucleotide
variants (SNVs) using a panel comprised of 468 genes. Here, we restrict our analysis to the
subset of n = 1, 315 patients with SNVs that occur in copy neutral autosomal regions. For
each patient, we run SPRUCE [109] to enumerate all tumor phylogenies that explain the
variant allele frequencies of the copy-neutral SNVs. Specifically, we identify between 1 to
6,332 trees per patient (median: 1). We further process these trees by restricting them to
mutations that occur in at least 100 patients, yielding a set Σ of eight mutations. We run
RECAP on this dataset with k ranging from 1 to 15 and with 1,000 restarts.
RECAP’s identifies k = 8 distinct clusters for this dataset (Fig. 6.14a). Similarly to the
lung cancer cohort, the clusters remain fairly stable in terms of the consensus trees found
and the patient clustering (Fig. 6.14b). The cluster size for the selected k ranges from a
minimum of 55 patients to a maximum of 410 patients assigned to a particular cluster. Two
consensus trees have two mutations, the remaining six are comprised of a single mutation.
We focus our attention on Cluster 1, comprised of 71 patients. In particular, Patient
P-0004859 has two input trees (Fig. 6.14c): TP53 and PIK3CA are children of MAP3K1
in tree T1 while tree T2 has a chain from MAKP1 to PIK3CA to TP53. As the consensus
tree of this cluster has an edge from germline to EGFR and an edge from EGFR to TP53,
RECAP selects tree T2 for this patient (Fig. 6.14d). In turn, the consensus tree was informed
by the mutation orderings of other patients, revealing shared evolutionary trajectories. In
this way, the consensus tree facilitates the transfer of information across patients to resolve
ambiguities in the solution space.
Previously, Khakabimamaghani et al. [91] used HINTRA to analyze this dataset, man-
ually splitting the patients into four subtypes based on receptor status (HR+/HER2-,
HR+/HER2+, HR-/HER2+ and Triple Negative). In the HR+/HER2- subtype, the authors
found CDH1 commonly precedes PIK3CA. Without prior knowledge, RECAP recapitulates
this finding in Cluster 7 with a consensus tree comprised of an edge from germline to CDH1
and then CDH1 to PIK3CA. When analyzing the 93 patients assigned to this cluster, we
see that 87 patients (∼ 93.5%) belong to the HR+/HER2- subtype. This finding demon-
strates RECAP’s ability to uncover cancer subtypes based on evolutionary trajectories. The
remaining consensus trees found by RECAP can be found in Fig. 6.15 and Fig. 6.16.
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6.5 DISCUSSION
In this paper, we formulated an optimization problem for simultaneously selecting a phy-
logeny for each patient in a cancer cohort, clustering these patients to account for subtype
heterogeneity, and identifying a representative consensus tree for each patient cluster. After
establishing the hardness of this problem, we proposed RECAP, a coordinate ascent algo-
rithm as a heuristic for solving this problem. We included with this algorithm a way to
handle patients with different sets of mutations as well as mutation clusters, something not
previously handled in this line of work. The fact that our algorithm is capable of running
over patients with different mutation clusters is particularly necessary in the whole-genome
context, where the number of mutations necessitates clustering and there is variations in
these clusters across patients. Moreover, we included a model selection criterion for iden-
tifying the number k of subtypes needed to explain a dataset. We validated our approach
on simulated data, showing that RECAP outperforms existing methods that do not support
diverse evolutionary trajectories. We demonstrated the use of RECAP on real data, identi-
fying well-supported evolutionary trajectories in a non-small cell lung cancer cohort and a
breast cancer cohort.
This work put forth a general framework for defining clusters of patients while reducing
ambiguity inherent to the input data. We believe that this framework is adaptable and
can be used to structure several avenues for future work. Broadly, these questions surround
what makes two cancer phylogenies meaningfully similar and what are relevant underlying
models that should be used to summarize shared evolutionary patterns. For instance, we
currently support a variation on the parent-child distance to evaluate the difference between
trees. However, there are other types of distance measures, such as the ancestor-descendent
distance [75] or MLTD [76], that weigh discrepancies between trees differently. Exploring the
trade-offs between distance metrics in more depth could lead to new insights. We currently
require the consensus for each cluster to be a tree, but other graphical structures such as
directed acyclic graph could be considered. This is especially useful when trying incorporate
mutual exclusivity of driver mutations that occur in the same pathway into the inference.
We could also consider incorporating auxiliary information, such as mutational signatures,
into our model either via constraints or a secondary optimization criterion in order to test
how clusters change when accounting for this incremental signal. Indeed, using mutational
signatures as a constraint to improve the estimation of just a single patient tree has recently
been done in [156]. On the theoretical side, we note that the current formulation is done using
the infinite sites assumption. We hope to expand this work to the more comprehensive k-
Dollo evolutionary model that allows for mutation losses [82]. Exploring such variations will
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not only shed light on solution space summarization, but will also shed light on the common
evolutionary models generating the mutation patterns we observe in patient cohorts.
6.6 PROOFS
6.6.1 NP-Hardness Proof
Theorem 6.2. MCCT is NP-hard even in the restricted case where (i) we seek a single
consensus tree (k = 1), (ii) trees in T have the same vertex set Σ, and (iii) there are no
mutation clusters.
We begin our proof of the theorem by making several observations about the structure
of any optimal consensus tree, regardless of patient tree selection. The first observation we
make is about the objective function.
Observation 6.1. Let (Γ, R) be composed tree selection Γ = {S1, . . . , Sn} and consensus
tree R. Then, (Γ, R) achieves minimum normalized parent-child distance dN(Γ, R) if and
only if (Γ, R) achieves minimum unnormalized parent-child distance d(Γ, R).




















Thus, dN(Γ, R) ∝ d(Γ, R).
QED.
Therefore, in the remainder of the proof, we will only consider unnormalized parent-child
distances d(Γ, R), which we refer to as simply ‘parent-child distance’. Next, because r is
the root across all input trees, we show in the following lemma that if r is not the root of
the consensus tree R, we can construct a new consensus tree R′ with a smaller parent-child
distance to any selection from T (φ). This leads to a contradiction on the optimality of R.
Lemma 6.1. Any optimal consensus tree R with respect to T (φ) has r as the root vertex.
Proof. Let Γ = {S1, · · · , Sn} denote the trees selected from T (φ) minimizing the total

























Figure 6.5: The two cases considered in Lemma 6.1 when the root vertex v of R
does not equal r. (a) In the first case, subtree Cr of R contains an edge (u, v) that is
present in at least one selected tree in Γ. (b) In the second case, no edge (u, v) of subtree
Cr of R is present in at least one selected tree in Γ.
v 6= r. We will show how to construct a tree R′ from R that contradicts the optimality of R,
i.e. d(Γ, R) > d(Γ, R′). First, we remove the incoming edge to r, disconnecting R into two
components: Cv containing v and Cr containing r. Initially, we set R
′ equal to Cr. When
adding the remaining vertices from Cv to R
′, there are two cases to consider (Fig. 6.5).
1. The first case is when Cr contains some vertex u such that (u, v) is an edge in at least
one selected tree in Γ. In this case, we reattach Cv rooted at v as a child of u in R
′.
Removing the incoming edge to r decreases the total distance to Γ by n since r has
no parent in any tree of Γ by construction. Adding the edge (u, v) can increase the
distance by at most n − 1, since (u, v) appears in at least one tree in Γ. Thus, the
overall distance decreases, i.e. d(Γ, R) > d(Γ, R′), contradicting the optimality of R.
2. The second case is when Cr does not contain any vertices that appear as a parent to v
in a selected tree in Γ. By construction, each clause vertex has r as its parent in every
selected tree in Γ. Since r is contained in Cr, v cannot correspond to a clause vertex.
It must thus correspond to some variable vertex v = x that is never picked as a child
of r in Γ. This implies that (i) x is a child of ¬x in at least two trees in Γ, (ii) ¬x
must be a child of r in the same two trees in Γ, and (iii) ¬x must also be in Cv. Note
that (i) and (ii) are because we assume every literal appears in at least two clauses,
and (iii) is because Cr does not contain a parent of v. To construct R
′, we perform
two additional operations. First, we remove the incoming edge to ¬x in Cv, and we
reattach the resulting subtree rooted at ¬x as a child of r in R′. Second, we take the
remaining component of Cv rooted at v and make it a child of ¬x in R′ (i.e., we add
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the edge (¬x, x)).
We now show that R′ has a smaller total distance to Γ than R. Similar to the above
case, removing the incoming edge to r decreases the total distance by n. Adding the
edge (¬x, x) increases the distance by at most n− 2, since (¬x, x) appears in at least
two trees in Γ. The final operation replaces the incoming edge to ¬x with r. To see
why the distance decrease, observe that ¬x is a variable vertex. By construction the
parent of ¬x in any selected tree S ∈ Γ is either (i) the negated variable vertex x, (ii)
a clause variable, or (iii) the root r. By the premise, there is no selected tree S ∈ Γ
where x is the parent of ¬x. In addition, each clause variable can be at most once
the parent of ¬x among all selected trees Γ. Hence, r is the most frequent parent
of ¬x (occurring at least twice), and replacing the incoming edge to ¬x with r also
decreases the distance. Thus, we have contradicted the optimality of R implying that
any optimal consensus tree must be rooted at r.
QED.
Since the edge (r, cj) is in all input trees for all j ∈ [n], these edges must also be present
in any optimal consensus tree R. If these edges are not in the consensus tree, we again obtain
a contradiction on the optimality of the consensus, as we show in the following lemma.
Lemma 6.2. Any optimal consensus tree R with respect to T (φ) has the edge (r, cj) for all
j ∈ [n].
Proof. Let Γ = {S1, · · · , Sn} denote the trees selected from T (φ) minimizing the total
parent-child distance to R. Assume by way of contradiction that R does not contain the
edge (r, cj) for some j in [n]. We will construct a new consensus tree R
′ contradicting the
optimality of R. The key fact to note is that r is the parent of cj for every selected tree in
Γ = {S1, · · · , Sn} by construction. We consider two cases.
1. In the first case, the subtree rooted at cj does not contain r. Let R
′ be obtained from
R by regrafting the subtree rooted at cj as a child of r. The parent-child distance will
decrease by 2 for each selected tree in Γ, as the incoming edge to cj now matches for
all pairs of trees. Hence, d(Γ, R) > d(Γ, R′), contradicting the optimality of R.
2. In the second case, the subtree rooted at cj contains r in R. This implies that r is not
the root of R. By Lemma 6.1, this contradicts the optimality of R.
We get a contradiction in both cases. Thus, a solution of MCCT on T (φ) has edges {(r, cj)}
for all j ∈ [n]. QED.
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We now proof a lower bound on the total parent-child distance of an optimal consensus
tree R of the input trees T . At a high level, this lower bound comes from the fact that
edges of the form (ci, x), for some clause vertex ci and variable vertex x, only appear in the
ith patient’s set of input trees. There are 2m − 6 such edges of this form in any selected
patient tree Si ∈ Ti. We use this to identify 2(2m− 6) edges that must be in the symmetric
difference between R and Si. After doing this over all n patients and taking care to avoid
double counting, we establish the lower bound of 2n(2m− 6).
Lemma 6.3. An optimal consensus tree R with respect to T (φ) has a parent-child distance
of at least 2n(2m − 6). Moreover, a consensus tree R achieving this lower bound cannot
have edges of the form (ci, x) or (ci,¬x) for some clause ci and variable x.
Proof. Let R be a consensus tree and Γ = {S1, · · · , Sn} be a set of trees selected from T (φ)
minimizing the total parent-child distance d(Γ, R). Let ∆ be the multi-set composed of
the symmetric differences (E(Si) \ E(R)) ∪ (E(R) \ E(Si)) where i ∈ [n]. We claim that
|∆| ≥ 2n(2m−6), which implies that d(Γ, R) ≥ 2n(2m−6). We will prove this constructively
using the following algorithm.
1. ∆ ← ∅
2. for i← [n] do
3. Let Xi be the set of literals corresponding to variables absent in ci
4. for x← Xi do
5. if(ci, x) 6∈ E(R) then
6. Let (v, x) be the unique incoming edge to x in R
7. ∆← ∆ ∪ {(ci, x) ∈ E(Si), (v, x) ∈ E(R)}
8. else
9. Let cj be a clause containing x and let (v, x) be the
unique incoming edge to x in Sj
10. ∆← ∆ ∪ {(v, x) ∈ E(Sj), (ci, x) ∈ E(R)}
We claim that at iteration i, we have identified 2i(2m − 6) edges of ∆, which we prove by
induction on i.
• Base case i = 1: Consider S1 ∈ Γ corresponding to clause c1. Let X1 be the set of
literals corresponding to variables that are absent in c1. Since the literals from each
clause in φ come from three distinct variables, there are a total of |X1| = 2m−6 literals
corresponding to variables absent in c1. Thus, there are a total of |X| = 2m− 6 edges
(c1, x) in tree S1 where x ∈ X1.
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For each such edge (c1, x) in S1, there are two cases. If (c1, x) is not in R, then (c1, x)
in S1 increases the symmetric difference by 1. Furthermore, since x is not the root of
R (by Lemma 6.1), the incoming edge to x in R is missing from S1 (i.e., (v, x) for some
v ∈ V ). Altogether, this increased the symmetric difference by 2.
Now consider the case where (c1, x) is in R. By construction, (c1, x) is not in any other
input tree in T (φ) \ {T1(φ)} and is thus also absent from {S2, . . . , Sn}. However, we
must charge this edge carefully in order to not double count edges across selected trees
in future steps. By our restrictions on φ, x appears in some clause, cj, for some j in
[n]. By construction, the corresponding selected tree Sj must then contain the edge
(v, x) where v ∈ {r,¬x}. Either way, x has a different parent v 6= c1 in Sj compared
to R and we have identified two edges, (c1, x) and (v, x) of ∆.
Repeating this process for all 2m − 6 edges in S1 where c1 is the parent, we find
2(2m− 6) distinct edges to add to the symmetric difference.
• Inductive step i > 1: By the inductive hypothesis, we assume we are able to identify
2(i−1)(2m−6) distinct edges of ∆. Now consider the ith selected tree in our ordering,
Si. We claim that we can identify an additional 2(2m− 6) distinct edges of ∆. Let Xi
be the set of literals corresponding to variables that are absent in ci. As before, the
selected tree Si contains 2m− 6 edges (ci, x) where x ∈ Xi.
For each such edge (ci, x) in Si, we again distinguish two cases. If (ci, x) is not in R,
then R and Si must have different parents for x. Indeed, as described in the base case,
(ci, x) is present in Si but not in R and conversely the incoming edge (v, x) to x in R
is also missing from Si (which exists, as x cannot be the root of R by Lemma 6.1).
Hence, the edge (ci, x) of Si and the (v, x) of R are edges of ∆. We now need to show
that the edge (ci, x) of Si was not added in a previous iteration to ∆. To see why this
is not the case, observe that only two types of edges from Γ were previously added.
The first type are edges (cj, x) that were added in step j < i. The second type are
edges (v, x) of a tree Sl where v ∈ {r,¬x}, corresponding to a variable x that is present
in some clause cl. Both cases do not apply, as j < i and ci 6∈ {r,¬x}. Hence, these
two edges of ∆ were not previously considered.
The second case is when (ci, x) is in R. Let cl be a clause containing x (which must
exist by definition of φ). By construction, the corresponding selected tree Sl contains
the edge (v, x) where v ∈ {r,¬x}. Since ci 6= v, clearly the edge (ci, x) of R and the
edge (v, x) of Sl are present in ∆. We claim that the edge (v, x) of Sl was not added
to ∆ in a previous iteration j < i. Inspection of the algorithm reveals that this edge
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(v, x) can only be added in a previous iteration j if (cj, x) is an edge of R. However,
by our premise, R already contains the edge (ci, x). Thus, since R is a tree, there is
no edge (cj, x) in R where cj 6= ci. Hence, the edge (v, x) of ∆ was not previously
considered.
Repeating this process for all 2(2m − 6) edges in Si where ci is the parent, we find
an additional 2(2m− 6) distinct edges to add to the symmetric difference. Combining
this total with the inductive hypothesis we have identified 2i(2m− 6) distinct edges of
∆ upon completion of iteration i.
Thus, when the algorithm terminates at iteration n, we have identified 2n(2m− 6) distinct
edges of ∆. To prove the final part of this lemma, we note that each literal x appears in at
least two clauses by our assumption on φ. In the case where (ci, x) is in R, we can therefore
find two edges to add to the symmetric difference for every selected tree Sj corresponding to
a clause cj containing x (i.e., at least 4 edges will be added). In this case, R fails to achieve
the lower bound of 2n(2m− 6). QED.
The following lemma again follows from a proof by contradiction on the optimality of R
if this were not the case.
Lemma 6.4. Let consensus tree R and selected trees Γ = {S1, . . . , Sn} be an optimal
solution to MCCT instance T (φ). If d(Γ, R) = 2n(2m − 6) then either {(r, x), (x,¬x)} ⊆
E(R) or {(r,¬x), (¬x, x)} ⊆ E(R) for all variables x. Moreover, whichever set appears in
E(R) must also occur in every tree of Γx, where Γx denotes the subset of selected trees Γ
corresponding to clauses containing x or ¬x.
Proof. Let consensus tree R and selected trees Γ = {S1, . . . , Sn} be an optimal solution to
MCCT instance T (φ) with total distance d(Γ, R) = 2n(2m− 6). Suppose by way of contra-
diction that there exists a variable x such that neither {(r, x), (x,¬x)} nor {(r,¬x), (¬x, x)}
appear in E(R). We consider three cases for the arrangement of x and ¬x in R.
(i) Vertex x or ¬x is the root of R:
This case contradicts the optimality of R by Lemma 6.1.
(ii) Vertex x or ¬x has a different variable vertex as a parent:
Let y 6= ¬x be a variable vertex that is parent of x (the case for ¬x is symmetric). As
this arrangement never appears in any input tree in T (φ), we have the edge (y, x) of
R incurs a cost of 2 in each selected tree in Γ. Thus, it is straightforward to construct
a tree R′ with a lower distance to Γ. That is, consider a selected tree S ∈ Γx. If S
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contains the edge (r, x) then move x to be the child of r in R′. Otherwise, if S contains
the edge (¬x, x) then move x to be the child of ¬x in R′. In both cases, the total
distance d(Γ, R′) is strictly smaller than the original distance d(Γ, R) (by at least a
value of 2), leading to a contradiction.
(iii) Vertex x or ¬x has a clause variable as a parent:
This contradicts R achieving the lower bound distance d(Γ, R) = 2n(2m − 6) by
Lemma 6.3.
(iv) Both x and ¬x have r as a parent:
No clause variable ci for i ∈ [n] has a child in R by Lemma 6.3. We can obtain the lower
bound distance of 2n(2m−6) by counting edges of the form (ci, x) ⊂ E(Si) across all Si
that must be in the multi-set ∆ composed of symmetric differences. For each such edge
(ci, x), a counterpart edge (p, x) ⊂ E(R) for some p ∈ V must also be in ∆. We now
need to find one more edge in ∆ to obtain a contradiction. By construction, Γx cannot
be empty and each tree in Γx must either contain {(r, x), (x,¬x)} or {(r,¬x), (¬x, x)}.
WLOG assume S ∈ Γx contains {(r, x), (x,¬x)}. Then, (x,¬x) ⊂ E(S) must also be
in δ, contradicting the fact that R achieves the lower bound.
Thus, either {(r, x), (x,¬x)} ⊆ E(R) or {(r,¬x), (¬x, x)} ⊆ E(R) for all variables x. To
prove the final point, WLOG assume {(r, x), (x,¬x)} ⊆ E(R); if there exists a tree in S ∈ Γx
such that {(r,¬x), (¬x, x)} ⊆ E(S), both of these edges must also exist in ∆ implying that
R does not achieve the lower bound.
QED.
In one direction, we now show that given an optimal consensus tree with parent-child
distance 2n(2m − 6), we can read off the satisfying assignment by looking at the children
of the root vertex r in R. In the other direction, we use a satisfying assignment to identify
which tree we should select for each patient (i.e. the one corresponding to a satisfying
assignment) and build the consensus tree R, where the satisfied literals hang off of the root.
Lemma 6.5. A Boolean formula φ meeting our three restrictions is satisfiable if and only
if T (φ) has an optimal single consensus tree with parent-child distance 2n(2m− 6).
Proof. (⇒) Let φ be satisfiable. We will directly construct a solution to the corresponding
MCCT problem achieving the lower bound. Let θ be a satisfying assignment. Consider
an arbitrary clause ci containing variables x1, x2, x3. We select tree Si ∈ Ti such that
(r, xj) ∈ E(Si) if θ(xj) = 1 and (r,¬xj) ∈ E(Si) if θ(xj) = 0. Note that such a tree must
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exist in Ti by construction. We construct a consensus tree R with root r and edges (r, ci)
for all i ∈ [n]. We then add edges {(r, x)(x,¬x} if θ(xj) = 0 or edges {(r,¬x)(¬x, x} if
θ(xj) = 1. Finally, observe that d(Si, R) is equal to 2(2m − 6), due to edges of the form
(ci, x) ∈ E(Si) and the corresponding edge (v, x) ∈ E(R) where v ∈ {r,¬x}. Since i was
arbitrary, we constructed consensus tree R with distance 2n(2m−6) across all selected trees.
By Lemma 6.3, R must be optimal.
(⇐) Let T (φ) have an optimal consensus tree R and tree selection Γ with distance
d(Γ, R) = 2n(2m − 6). By Lemma 6.4, R must have either the edge (r, x) or (r,¬x) for all
variables x (but not both). Consider the assignment θ which sets a variable x equal to 1 if
literal x is a child of the root and equal to 0 if literal ¬x is a child of the root in R. We claim
θ is a satisfying assignment for φ. Let ci be an arbitrary clause in φ, and let Si ∈ Ti be the
tree selected by MCCT. For each variable x in clause ci, either (r, x) ∈ E(Si) if θ(x) = 1
or (r,¬x) ∈ E(Si) if θ(x) = 0 by Lemma 6.4. By construction of trees in Ti, this implies
that θ(xj) = γ(yi, j) for j ∈ [3]; thus, θ corresponds to a satisfying assignment for clause ci.
Since ci was arbitrary, all clauses in φ must be satisfied. QED.
This then concludes the proof of the theorem as we have now shown that MCCT is hard
even for this special case where k = 1 on identical patient mutation sets with no mutation
clusters by a polynomial reduction from 3-SAT; thus, MCCT is NP-hard in general.
6.6.2 Dynamic programming algorithm for expanding mutation clusters
Here we describe the dynamic programming (DP) algorithm we use to solve the OCE
problem. Recall that in this problem, we are given a tree R with no mutation clusters and
a tree T with at least one mutation cluster. We wish to find a tree T ′ such that (i) T ′ is an
expansion of T , and (ii) T ′ minimizes the normalized parent-child distance to R out of all
tree expansion of T .
In the following recursion of our DP, each subproblem is an expansion of a subtree of
T . For each subtree, we look at all possible start and end mutations for the expansion of
the root mutation cluster; intuitively, these are the mutations that interact with mutations
outside of the cluster. Let TC be the subtree of T rooted at the vertex corresponding to
mutation cluster C and let µ(C) be the set of mutations in C. Given R and T as defined
above, we define the function f(C, s, t) to be the maximum number of matching pairs of edges
between R and any expansion of the subtree TC , such that the mutation cluster C ∈ V (T )
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is expanded into a path starting with mutation s and ending with mutation t.




−∞, if |µ(C)| > 1 and s = t,
0, if |µ(C)| = 1 and C is a leaf,
g(C, s, t) + h(C, s, t), otherwise,
(6.4)
where we have






1((t, s′) ∈ E(R)) + f(W, s′, t′)
}
, (6.5)
which recursively finds the best scoring expansion for the children δ(C) of C given t, adding
an additional match if there is an edge between t and the expansion of a child in E(R). In the
recurrence, we have g(C, s, t), which is defined as the maximum number of matching pairs
of edges between R and any expansion of the mutation cluster C starting with mutation s
and ending with mutation t. If s = t, this is defined to be zero. For now, assume we have
oracle access to this value. We will give an explicit algorithm for calculating g(C, s, t) later
in this section.
Theorem 6.3. Given a rooted tree R with no mutation clusters and a rooted tree T with at
least one mutation cluster, taking OCE(T,R) = maxs,t∈µ(r(T )) f(r(T ), s, t) finds the optimal
value for the OCE problem.
Proof. We prove this theorem by induction on ` ∈ [|V (T )|], where ` denotes the index of a
vertex within a topological ordering of V (T ) such that each child vertex comes prior to its
parent.
Base case: When ` = 0, we have that the vertex C0 must be a leaf. Let s, t ∈ µ(C0) be
arbitrary. There are three cases to consider:
1. If C0 is not a mutation cluster (i.e., |µ(C0)| = 1, s = t), then there are no edges in the
expansion of TC0 since this is a leaf. Hence, f(C0, s, t) = 0 as claimed.
2. Else if C0 is a mutation cluster and s = t, then by definition of f the mutation s needs
to be repeated twice, once at the start and once at the end of the expansion. Since this
degenerate case is not allowed, f correctly returns −∞ so it is never selected. Indeed,
any pair of distinct mutations from C0 will achieve a better score.
3. Finally, if C0 is a mutation cluster and s 6= t, f(C, s, t) = g(C0, s, t) since δ(C0) = ∅,
i.e., C0 has no children. This is again correct by the definition of g(C0, s, t).
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Inductive step: Assume the recursion is correct for all subtrees up to the one rooted at
C`−1. We now consider the subtree rooted at C`. There are again three cases to consider:
1. If C` is a leaf, then the correctness follows from the same analysis as in the base case.
2. Else if C` is a mutation cluster and s = t, then this degenerate case is not allowed. As
was shown in the base case, f correctly returns −∞ so s = t is never selected.
3. Finally, if C` is a mutation cluster and s 6= t, the score of an expansion of TC` is simply
the sum of (i) the number of edges from an expansion of C` starting with s and ending
with t that exist in E(R), (ii) the number of edges between t and the root of the
expansion of each child in E(R), and (iii) the score of the expansion of the subtree at
each child. We see that g(·, ·, ·) maximizes (i) while h(·, ·, ·) jointly maximizes (ii) and
(iii).
It then follows that maxs,t∈µ(r(T )) f(r(T ), s, t) is the maximum number of matching pairs
of edges between R and any expansion of T , since we exhaust all starting and ending points in
the expansion of the root. Let T ′ be an expansion of T that achieves this score. This implies
that T ′ maximizes |E(T ′) ∩E(R)|, which in turn implies that it minimizes the parent-child
distance d(T ′, R) out of all expansions of T . Note that since all expansions of T have the
same number of edges, T ′ also minimizes dN(T
′, R) and is an optimal solution to the OCE
problem. QED.
Next, we show how we can efficiently calculate g(C, s, t) with respect to tree R. The
pseudocode is given in Algorithm 6.2. The intuitive idea is we wish to identify all edges in
E(R) that can be preserved when expanding mutation cluster C. An upper bound on this
number is of course the edges in E(R) with both endpoints in µ(C). We call this restricted
subgraph Rµ(C).
Definition 6.3. The graph R restricted to vertex set Σ, denoted RΣ, is a directed graph on
vertex set Σ with edges {(u, v) ∈ E(R)|u ∈ Σ, v ∈ Σ}.
However, it is not always possible to maintain all of these edges since R is a tree, and we
expand C into a path. Therefore, we first identify the connected components of Rµ(C). To
decompose these components into paths we perform the following operations:
1. If there is a path from s and t in some component, we carefully select an edge to break
along this path since all the mutations will eventually need to be added somewhere
between s and t. In particular, we break the edge with the highest degree parent along
the path.
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2. We also break any incoming edge to s or outgoing edge from t since these must be the
start and endpoints of the expansion, respectively.
3. We then break along edges where a parent has more than one child to remove any
remaining branches.
Finally, we stitch the resulting paths back together into one long path Π(C), which we treat
as the expansion of C. We ensure that this expansion starts with s and ends with t, but
otherwise the ordering does not matter.
Algorithm 6.2: Single Cluster Expansion
Input: A rooted tree R with no mutation clusters, a rooted tree T with at least one
mutation cluster, a mutation cluster C ∈ V (T ), and mutations s, t ∈ µ(C).
Output: The maximum number of edges shared with E(R) in an expansion of C
starting with s and ending with t.
if |µ(C)| > 1 and s = t then
Raise Error
end
if |µ(C)| = 1 then
return 0
end
Θ ← Construct Rµ(C). Store resulting connected components.
if ∃ an edge (u, s) within a component ` ∈ Θ then
Split ` into two components by removing (u, s). Update Θ.
end
if ∃ an edge (t, v) within a component ` ∈ Θ then
Split ` into two components by removing (t, v). Update Θ.
end
if ∃ a path p from s to t within a component ` ∈ Θ then
Find vertex u on p with highest degree.
Split ` into two components by removing the unique edge (u, v) such that v is on
path p. Update Θ.
end
while ∃` ∈ Θ, v ∈ ` such that v has more than one child do
Remove edges to all but one child of v. Update Θ.
end
Π(C)← ` ∈ Θ such that s ∈ `.
for ` ∈ Θ such that s, t 6∈ ` do
Append component ` to path Π(C) (i.e., Π(C)← Π(C) + `).
end
Π(C)← ` ∈ Θ such that t ∈ `.
return |E(Π(C)) ∩ E(R)|
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Theorem 6.4. Algorithm 6.2 finds the maximum number of matching pairs of edges between
R and any expansion of the mutation cluster C starting with mutation s and ending with
mutation t.
We prove this theorem by first establishing an upper bound on this distance and then
showing our algorithm achieves the upper bound.
Lemma 6.6. The maximum number of matching pairs of edges between R and any expan-
sion Π(C) of the mutation cluster C starting with mutation s and ending with mutation t
is less than or equal to:
|E(Rµ(C))| − 1(s)− 1(t)− 1(s, t)−
∑
v∈V (Rµ(C))
(|δ(v)| − 1) (6.6)
where 1(s) indicates if s has a parent of outdegree 1 in Rµ(C), 1(t) indicates if t has a child
in Rµ(C), and 1(s, t) indicates if there is a path from s to t in Rµ(C) without a vertex having
more than one child.
A sketch for the proof of this lemma is the following. We can only keep one edge per
parent vertex in Rµ(C) when we build the expansion path. We also must break any incoming
edge to s and any outgoing edge from t. Finally, we also need to break an edge on the path
from s to t to ensure that s is the starting vertex and t is the ending vertex, with all other
vertices spliced between them. We want to make sure we do not double count broken edges,
which results in the use of indicator variables.
Lemma 6.7. Algorithm 6.2 finds
|E(Rµ(C)| − 1(s)− 1(t)− 1(s, t)−
∑
v∈V (Rµ(C))
(|δ(v)| − 1) (6.7)
matching pairs of edges between R and any expansion of the mutation cluster C starting
with mutation s and ending with mutation t.
The proof of this lemma follows by counting the number of edges broken by Algorithm 6.2.
Finally, we observe that the running time of Algorithm 6.2 is O(|Σ|5). To see this, note that
there are |V (T )| = O(|Σ|) possible roots C ∈ V (T ), each with |µ(C)|2 = O(|Σ|2) start and
endpoints implying there are O(|Σ|3) distinct subproblem of f(·, ·, ·). Each subproblem then
requires O(|Σ|) time to compute g(·, ·, ·) and h(·, ·, ·). The former requires O(Σ) time since
it is comprised of a constant number of graph traversals and the latter requires O(Σ2) time
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Algorithm 6.3: Generalized Coordinate Ascent Heuristic
Input: A collection T = {T1, · · · , Tn} of patients’ tree sets and number k > 0 of
clusters
Output: Selection of trees {S1, · · · , Sn}, consensus trees {R1, · · · , Rk}, and
clustering σ with smallest criterion score found.
T ′ ← augment the tree for each patient i from Ti to span all mutations plut ⊥
{S1, · · · , Sn} ← random tree selection for each patient i from T ′i
σ ← random surjective cluster mapping from [n]→ [k]
{R1, · · · , Rk} ← Compute initial consensus tree for each cluster j by running SCT
algorithm on the set {Si|σ(i) = j}.
∆←∞, L←∑ni=1OCE(Si, Rσ(i))
while ∆ > 0 do
for j ← 1 to k do
Rj ← Update consensus tree for cluster j by running SCT algorithm on the
set {Si|σ(i) = j}.
end
for i← 1 to n do
Si, σ(i)← Update selected tree and cluster for patient i by directly





Remove ⊥ and all its descendants for all trees in the selected set {S1, · · · , Sn} and
consensus set {R1, · · · , Rk}
return ({S1, · · · , Sn}, {R1, · · · , Rk}, σ)
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Figure 6.6: Simulations show that RECAP accurately solves the MCCT problem,
outperforming HINTRA [91] and REVOLVER [90]. Results for all simulation con-
ditions. (a) The fraction of patients with correctly inferred trees by each method. (b) The
number k of patient clusters inferred by each method. (c) The fraction of patient pairs that
are correctly clustered together. (d) The fraction of patient pairs that are correctly put in
separate clusters. Panel (a) shows only |Σ| = ` = 5 results for HINTRA, due to scaling
issues. No results are shown in (b)-(d) for HINTRA, as this method does not infer clusters.
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Figure 6.7: Simulations show that RECAP accurately solves the MCCT problem
for simulations with |Σ| = 5 total mutations and 5 mutations in each cluster.
(a) The fraction of patients with correctly inferred trees by each method. (b) The number
k of patient clusters inferred by each method. (c) The fraction of patient pairs that are
correctly clustered together. (d) The fraction of patient pairs that are correctly put in
separate clusters. No results are shown in (b)-(d) for HINTRA, as this method does not
infer patient clusters.
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Figure 6.8: Simulations show that RECAP accurately solves the MCCT problem
for simulations with |Σ| = 12 total mutations and 7 mutations in each cluster.
(a) The fraction of patients with correctly inferred trees by each method. (b) The number
k of patient clusters inferred by each method. (c) The fraction of patient pairs that are
correctly clustered together. (d) The fraction of patient pairs that are correctly put in
separate clusters. No results are shown in (a)-(d) for HINTRA, as this method does not
infer patient clusters and does not scale to the simulated number of mutations.
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Figure 6.9: Simulations show that RECAP accurately solves the MCCT problem
for simulations with |Σ| = 12 total mutations and 12 mutations in each cluster.
(a) The fraction of patients with correctly inferred trees by each method. (b) The number
k of patient clusters inferred by each method. (c) The fraction of patient pairs that are
correctly clustered together. (d) The fraction of patient pairs that are correctly put in
separate clusters. No results are shown in (a)-(d) for HINTRA, as this method does not
infer patient clusters and does not scale to the simulated number of mutations.
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Figure 6.10: Simulations show that performance of RECAP slightly increases with
more restarts. (a) The fraction of patients with correctly inferred trees. (b) The number
k of patient clusters inferred. (c) The fraction of patient pairs that are correctly clustered
together. (d) The fraction of patient pairs that are correctly put in separate clusters. (e) The
normalized parent-child distances between the inferred and ground truth consensus trees.
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Figure 6.11: RECAP identies repeated evolutionary patterns in a non-small cell
lung cancer cohort, resolving ambiguities in the solution space and expanding
mutaiton clusters. We show results for running RECAP on TRACERx [87]. (a) The
criterion scores obtained by each cluster across different values for k. As k increases, the
total normalized distance decreases and levels off at k = 10, which RECAP selects. (b) The
number of patient trees assigned to each cluster. (c) In the input data, 10 out of 16 patients
that RECAP assigns to Cluster 4 have TP53 and EGFR together in a mutation cluster. (d)
Patient CRUK0015 is also assigned to Cluster 4 and has an edge from EGFR to TP53. This
information resolves the mutation cluster for these 10 patients via the consensus tree (red
edges, edge label indicating number of patients) for this cluster.
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Figure 6.12: Consensus trees identified by RECAP for a non-small cell lung can-
cer cohort [87]. Red edges indicate consensus tree edges, edge labels indicate number of
patients with the edge. Dashed vertices indicate missing mutations. Continued in Fig. 6.13.
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Figure 6.13: Consensus trees identified by RECAP for a non-small cell lung can-
cer cohort [87]. Red edges indicate consensus tree edges, edge labels indicate number of
patients with the edge. Dashed vertices indicate missing mutations. Note that Cluster 8





































































































Figure 6.14: RECAP finds a stable patient clustering and resolves ambiguities
in a breast cancer cohort by identifying shared evolutionary patterns. We show
results for running RECAP on a breast cancer cohort [179]. (a) The criterion scores obtained
by each cluster across different values for k. As k increases, the total normalized distance
decreases and levels off at k = 8, which RECAP selects. (b) The number of patient trees
assigned to each cluster. (c) In the input data, patient P-0004859 has two proposed trees
with different arrangements of TP53 and PIK3CA. (d) This patient is assigned to Cluster 1,
where other patients in this cluster have an edge from PIK3CA to TP53. Red edge coloring
indicate consensus tree, and edge labels indicate the number of patients with that edge. This
information is used to select the tree for P-0004859 consistent with this mutation ordering.
We do not show edges in the consensus graph that occur in fewer than 3 patients in this
cluster.
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Figure 6.15: Consensus trees identified by RECAP for a breast cancer cohort [179].
Red edges indicate consensus tree edges, edge labels indicate number of patients with the
edge. Dashed vertices indicate missing mutations. Continued in Fig. 6.16.
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Figure 6.16: Consensus trees identified by RECAP for a breast cancer cohort [179].
Red edges indicate consensus tree edges, edge labels indicate number of patients with the
edge. Dashed vertices indicate missing mutations. Continued from Fig. 6.15.
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CHAPTER 7: CONCLUSION
In this dissertation, we introduced four methods for improving phylogeny estimation.
In each case, we conceived of an optimization problem that leveraged auxiliary informa-
tion to improve the quality of phylogenies estimated by current leading methods. We then
established the computational complexity of this optimization problem, implemented our
approach for addressing the problem, and benchmarked our empirical performance with
extensive simulation studies.
In the context of species phylogenies, we introduced OCTAL and TRACTION, which
jointly improve estimated gene trees by using a reference tree to add in missing species and
correct weakly-supported branches. We demonstrated the utility of each method by test-
ing it on biologically-realistic simulated datasets, showing they match or improve gene tree
accuracy relative to existing methods. We conjectured that the non-parametric criterion
optimized by OCTAL and TRACTION helps them to be robust to different types of gene
tree heterogeneity. In the context of tumor phylogenies, we introduced PhySigs and TRAC-
TION, which each work to reduce ambiguity in the solution space of possible evolutionary
trajectories of patient tumors. In addition to prioritizing alternative evolutionary hypothe-
ses, we were able to learn more about tumorigenesis, including the variation in exposures
to mutational signatures through time and repeated evolutionary trajectories shared across
patient tumors. We conjectured that integrating evolutionary context into patient subtyping
will eventually help to elucidate variation in patient response to treatment and outcomes.
As we look towards future directions, we must anticipate that the influx of sequencing
data will continue to grow and that the methods we develop must accommodate this data.
While additional sequencing data may resolve some aspects of phylogeny reconstruction,
current challenges will still persist and new challenges will emerge. For instance, despite the
increase in sequencing, gene tree estimation from an alignment over just the gene of interest
may continue to have weakly-supported branches, as genes are of finite length. Moreover,
to capitalize on the sequencing millions of species and thousands of genes, we must be able
to tolerate some amount of missing data in the MSA; otherwise, we will be stuck estimat-
ing species phylogenies over just the intersection of mutually present genes for a handful
of species [49]. While OCTAL and TRACTION are early nonparametric approaches for
addressing these challenges, future work should establish methods with provable guarantees
under different models missing data and evolution (see [123, 124, 125]). As we expand to
wider ranges of species, we will also need methods that are designed to handle multiple
causes of gene tree discord (e.g., GDL, HGT, and ILS). A key component of this will likely
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be methods for constructing phylogenetic networks [36, 37, 38, 39]. We might think about
how the optimization problems posed in OCTAL and TRACTION can be adapted to these
more general graphical models under different distance metrics. Finally, we must continue
to develop species phylogeny estimation methods with an eye towards downstream analysis.
For example, missing data is known to impact summary methods for species tree estimation
[128] so it would be helpful to measure the impact of improving gene tree estimation on
species tree estimation. We should also consider the impact of improving gene tree esti-
mation on other applications, such as adaptation inference, evolutionary event detection,
ortholog identification, and analysis of functional trait evolution.
The expansion of tumor sequencing data is likewise a double edged sword. On the one
hand, more tumor samples will help to reduce the solution space of possible evolutionary
histories. On the other hand, current Bayesian and ILP methods will need to scale to
handle larger mutation sets and more samples. Likely, methods than can efficiently integrate
the strengths of bulk and single cell sequencing data will lead to cost-effective, accurate
tumor phylogeny reconstruction that can be made widely accessible [116]. Complex models
of evolution must also be addressed in order to accurately represent tumor development,
capturing mutations other than SNVs. Crucially, methods such as PhySigs and TRACTION
should be adapted to more realistic models of evolution that incorporate CNAs and loss, such
as a Dollo or finite sites models [81, 82, 83]. This is especially important in certain types
of cancer, such as ovarian cancer, where profuse CNAs have prevented effective genomic
stratification [170]. Early work in this area is promising, but currently less computationally
tractable; models that are too permissive can also be phylogenetically indecisive, making
alternative optimal trees impossible to distinguish [127]. Finally, we must develop tumor
phylogeny estimation methods with clinical applications in mind. To do this, we should
move beyond individual tumor phylogeny inference and look for evolutionary subtypes at
a patient cohort level. For instance, PhySigs may be expanded to study population-level
trajectories of clonal exposures to mutational signatures. RECAP may be expanded to use
other graphical structures as a consensus for each cluster, such as directed acyclic graphs
incorporating mutual exclusivity of driver mutations in the same pathway. This motivates
broader questions about what makes two tumor phylogenies meaningfully similar, and what
distance metrics can we use to measure this similarity. It is the hope that trying these and
other extensions will lead to clinically-relevant subtypes enabling precision medicine.
In conclusion, we have seen in this dissertation that evolution is a model for explaining
change, whether the change observed in species or the change observed in human cells.
Looking forward, there are many unknowns about how the field will progress. However, one
thing we can be sure of is that, in computational biology, evolution is a constant.
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[180] H. Prüfer, “Neuer beweis eines satzes uber permutationen,” Arch Math Phys, vol. 27,
pp. 742–4, 1918.
[181] P. A. VanderLaan, D. Rangachari, S. M. Mockus, V. Spotlow, H. V. Reddi, J. Malcolm,
M. S. Huberman, L. J. Joseph, S. S. Kobayashi, and D. B. Costa, “Mutations in TP53,
PIK3CA, PTEN and other genes in EGFR mutated lung cancers: Correlation with
clinical outcomes,” Lung Cancer, vol. 106, pp. 17–21, 2017.
143
